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I. The free atom/ion case (spherical) : N-electrons atom/ion

II. The atom/ion in a crystal field

III. Crystal field and magnetism

Mn+

O2-

N.B : In this lecture, atom/ion will be transition metal (3d series)
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Books

• Free ion (spherical)

R. D. Cowan. The theory of atomic structure and spectra. Los Alamos series
in basic and applied sciences. University of California Press, 1981.

• Free ion (spherical) + crystal field (+magnetism)

M. Weissbluth. Atoms ans Molecules. Academic Press, student edition
edition, 1978.

C. J. Baulhausen. Introduction to ligand field theory. Series in advanced
chemistry. Mc Graw Hill, 1962.



Atomic multiplet theory: N-electrons atom/ion 
The free ion case I

4

e-

Heidelberg 2024

Ø Electronic configuration: complete simplified (open shell)

3d transition metal ions 1s22s22p6 3dn 3dn 

4f rare earth ions 1s22s22p63s23p63d10 4fn 4fn

Quantum numbers:

𝑛 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙
ℓ 𝑜𝑟𝑏𝑖𝑡𝑎𝑙 0 ↔ s, 1 ↔ p, 2 ↔ 𝑑,… ,𝑚ℓ
𝑠 𝑠𝑝𝑖𝑛, 𝑚"

Orbital level = shell
Partially filled = open shell



Atomic multiplet theory: N-electrons atom/ion 
The free ion case I
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Quantum numbers:

𝑛 𝑝𝑟𝑖𝑛𝑐𝑖𝑝𝑎𝑙
ℓ 𝑜𝑟𝑏𝑖𝑡𝑎𝑙 0 ↔ s, 1 ↔ p, 2 ↔ 𝑑,… ,𝑚ℓ
𝑠 𝑠𝑝𝑖𝑛, 𝑚"

!
<latexit sha1_base64="IldbHP/cXpkZTFqQMmTPvn8Jvqg="></latexit>

ˆ̀
i orbital angular momentum (operator)

ˆ̀
i 6= `i

`i and m`i quantum numbers associated to ˆ̀2
i , ˆ̀

z,i

ˆ̀2
i |`im`ii = `i(`i + 1)|`im`ii
ˆ̀
z,i|`im`ii = m`i |`im`ii

�`i 6 m`i 6 `i

Same definitions for the spin angular momentum ŝi, si, msi

1 electron



N-electrons atom/ion : the free ion caseI
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3dn : Filling n electrons in 3d orbitals (ℓ = 2, 𝑠 = !
"
):

2+1=5 |,m> angular functions
2s+1=2 |sms> spin functions

10 functions

Example : 

3d2 ion (V3+, Cr4+) :

10
2 = 45 states

degenerate states 

Some possibilites:

<latexit sha1_base64="4Ib9YCaMBI+WwSdT/XRJXB95Tm0="></latexit>

Nb states =

✓
10
n

◆
= 10!

n!(10�n)!

x
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Degeneracies => Multiplets (doublet, triplet,…)

𝑚ℓ = -2     -1     0      1      2

𝑚! = "#$ ,#$

𝑚ℓ = -2     -1     0      1      2



Hion = Hkin + He-n + He-e + Hs-o

Free ion (spherical)

Total kinetic energy

He− n = −
Ze2

4πε0rii=1

N

∑ Coulomb attraction nuclei-electrons

He−e =
e2

4πε0riji< j=1

N

∑ Electron-electron Coulomb repulsions

Spin-orbit coupling
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N-electrons atom/ion : HamilitonianI

<latexit sha1_base64="+763Fm5kf0UYl9cX9NmLxgcO8xw="></latexit>

Hkin =
NX

i=1

� ~2
2m

r2
i

<latexit sha1_base64="z+LBs0s+rzQa+vTvJ4iO4HJ1ue0="></latexit>

Hs�o =
NX

i=1

⇠(ri)ˆ̀i .̂si



• Multi-electron functions for N electrons (configuration) 
built from the mono-electronic functions

• Linear combination of Slater determinant
Anti-symmetric function to satisfy the Pauli principle
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x � (r, �)with
<latexit sha1_base64="cO8OYVhzl3t1kBsrRVjvGmSAl+o="></latexit>

 H(x1,x2,x3, ...,xN )

• One electron (i)

N-electrons atom/ion : Basis functions |Y>I

Radial Angular Spin

<latexit sha1_base64="zxLmcXhG5olCQgTr5u0SVSoME7w="></latexit>

�i(r,�) = Rni`i(r) Y`i,m`i
(✓,�) �msi

(�)

<latexit sha1_base64="T9dJGWi8U3grzYZbBMSwqare3W4="></latexit>

 (x1,x2, ...,xN ) =
X 1p

N !

����������

�1(x1) �2(x1) ... �N (x1)
�1(x2) �2(x2) ... �N (x2)

. . . .

. . . .
�1(xN ) �2(xN ) ... �N (xN )

����������
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N-electrons atom/ion 
Coulomb interaction -Slater intergralI

see also Lecture from Maurits Haverkort
haverkort_coulomb_repulsion.pptx

Hion = Hkin + He-n + He-e + Hs-o

Contribute to the configuration energy
No degeneracy lifting

<latexit sha1_base64="Ew++igcKVjdOQGDFT5obG+doE1A="></latexit>

h |Hee| 0i

He−e =
e2

4πε0riji< j=1

N

∑



Hee =
n�1,nX

i<j

e
2

|~ri � ~rj |

D
�⌧1(~r1)�⌧2(~r2)

��� e2

|~r1�~r2|

����⌧3(~r1)�⌧4(~r2)
E

Coulomb Hamiltonian:

In order to create the Hamiltonian as 
a matrix we need to evaluate

The Coulomb Integral is nasty: The integrant diverges at r1=r2

Solution by Slater: Expand the operator on Spherical Harmonics. Solve the 
angular part analytical and the Radial integral numerical (Slater Integrals.)

Also works in solids. (Spherical Harmonics are 
not eigen-states, but still a valid basis set).
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One particle orbital
With quantum number 

�⌧ (~r) ⌧

N-electrons atom/ion : Coulomb interaction -Slater intergralI

(slide from M. Haverkort)

then the following integral

<latexit sha1_base64="iIT2hxPBk62g9afaef9C20ZOhV8="></latexit>

h (~r1,~r2, ...,~rn)|Hee| 0(~r1,~r2, ...,~rn)i



Coulomb interaction – Slater Integrals

Expansion on renormalized Spherical Harmonics

n�1,nX

i<j

1

|ri � rj |
=

n�1,nX

i<j

1X

k=0

m=kX

m=�k

Min[ri, rj ]k

Max[ri, rj ]k+1
C(k)

m (✓i,�i)C
(k)
m (✓j ,�j)

⇤

C(k)
m (✓,�) =

q
4⇡

2k+1Y
(k)
m (✓,�)

with

�⌧ (~r) = R(l⌧ )
n⌧ (r)Y (l⌧ )

m⌧ (✓,�)

Useful expansion because our basis functions are (close to) spherical 
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(slide from M. Haverkort)



Coulomb interaction – Slater Integrals

Expansion on renormalized Spherical Harmonics

D
�⌧1(~r1)�⌧2(~r2)

��� e2

|~r1�~r2|

����⌧3(~r1)�⌧4(~r2)
E

�⌧ (~r) = �⌧R
(l⌧ )
n⌧ (r)Y (l⌧ )

m⌧ (✓,�)

Integral to calculate
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(slide from M. Haverkort)

1X

k=0

m=kX

m=�k

⌧
R

(l⌧1 )
n⌧1

(r1)R
(l⌧2 )
n⌧2

(r2)

����
Min[r1, r2]k

Max[r1, r2]k+1

����R
(l⌧3 )
n⌧3

(r1)R
(l⌧4 )
n⌧4

(r2)

�

⇥
D
Y

(l⌧1 )
m⌧1

(✓1,�1)
���C(k)

m (✓1,�1)
���Y (l⌧3 )

m⌧3
(✓1,�1)

E

⇥
D
Y

(l⌧2 )
m⌧2

(✓2,�2)
���C(k)

m (✓2,�2)
⇤
���Y (l⌧4 )

m⌧4
(✓2,�2)

E

⇥
⌦
��⌧1

||��⌧3

↵ ⌦
��⌧2

||��⌧4

↵

Radial 

Angular

<latexit sha1_base64="ywey/FrYgXTwmitQcxhhomuWYRc="></latexit>

= ��⌧1�⌧3
��⌧2�⌧4



Coulomb interaction – Slater Integrals

Radial part: Slater integrals

R(k)
⌧1,⌧2,⌧3,⌧4 =

⌧
R

(l⌧1 )
n⌧1

(r1)R
(l⌧2 )
n⌧2

(r2)

����
Min[r1, r2]k

Max[r1, r2]k+1

����R
(l⌧3 )
n⌧3

(r1)R
(l⌧4 )
n⌧4

(r2)

�

D
Y

(l⌧1 )
m⌧1

(✓1,�1)
���C(k)

m (✓1,�1)
���Y (l⌧3 )

m⌧3
(✓1,�1)

E

⇥
D
Y

(l⌧2 )
m⌧2

(✓2,�2)
���C(k)

m (✓2,�2)
⇤
���Y (l⌧4 )

m⌧4
(✓2,�2)

E

⇥
⌦
��⌧1

||��⌧3

↵ ⌦
��⌧2

||��⌧4

↵

Angular part: Analytical solution
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(slide from M. Haverkort)
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Coulomb interaction -Slater intergralI

Coupling coefficients (Glebsch-Gordan or 3-j symbols)
The restrictions over k are deduced from the properties of the 3-j symbols

Angular part: Analytical solution
<latexit sha1_base64="MajLOXZhrAHLLcoNkkWgZvq1k08="></latexit> D

Y
(l⌧1 )
m⌧1

(✓1,�1)
���C(k)

m (✓1,�1)
���Y (l⌧3 )

m⌧3
(✓1,�1)

E

⇥
D
Y

(l⌧2 )
m⌧2

(✓2,�2)
���C(k)

m (✓2,�2)
⇤
���Y (l⌧4 )

m⌧4
(✓2,�2)

E

<latexit sha1_base64="Sy+1SDssbkKxf2K+q3mTOClUUS0="></latexit>

`i + k + `j
<latexit sha1_base64="9ryp+PLolZm3WNtZTfTYSMYu5do="></latexit>

|`i � `j ] 6 k 6 `i + `j
≠ 0 if 

even

Clebsch-Gordan coefficients related to 3-j symbols
<latexit sha1_base64="uNYTVtbASe/J0ANWwvtp/Yc3hpE="></latexit>

h`1`2m1m2|`1`2`3m`3i = (�1)`2�`1�m`3

p
2`3 + 1

✓
`1 `2 `3
m1 m2 �m`3

◆



Coulomb interaction – Slater Integrals

d – electrons (3dn)

l1 = l2 = l3 = l4 = 2

k = 0, 2, 4

R(0,2,4)
2,2,2,2 = F (0,2,4)

(slide from M. Haverkort)

≠ 0 if 

<latexit sha1_base64="zA1LHKx5B/AqvMIPzCxDvUzl7ho="></latexit>

k + 2`i even ) k even

Direct Slater integrals

<latexit sha1_base64="N7XJ3Mtl6guLek/3cpZ64NMOJI4="></latexit>

/
✓
`i k `i
0 0 0

◆

Heidelberg 2024 15

<latexit sha1_base64="O5ssLK5OuzElRUKj9608vKVBKHQ="></latexit>

|`i � `j ] 6 k 6 `i + `j ) 0 6 k 6 4

<latexit sha1_base64="MajLOXZhrAHLLcoNkkWgZvq1k08="></latexit> D
Y

(l⌧1 )
m⌧1

(✓1,�1)
���C(k)

m (✓1,�1)
���Y (l⌧3 )

m⌧3
(✓1,�1)

E

⇥
D
Y

(l⌧2 )
m⌧2

(✓2,�2)
���C(k)

m (✓2,�2)
⇤
���Y (l⌧4 )

m⌧4
(✓2,�2)

E



Coulomb interaction – Slater Integrals

Core (p) valence (d) interaction – direct term

l1 = l3 = 2, l2 = l4 = 1

k = 0, 2

R(0,2)
2,1,2,1 = F (0,2)

(slide from M. Haverkort)

<latexit sha1_base64="MajLOXZhrAHLLcoNkkWgZvq1k08="></latexit> D
Y

(l⌧1 )
m⌧1

(✓1,�1)
���C(k)

m (✓1,�1)
���Y (l⌧3 )

m⌧3
(✓1,�1)

E

⇥
D
Y

(l⌧2 )
m⌧2

(✓2,�2)
���C(k)

m (✓2,�2)
⇤
���Y (l⌧4 )

m⌧4
(✓2,�2)

E

Direct Slater integrals 
between inequivalent e-

≠ 0 if 

<latexit sha1_base64="zA1LHKx5B/AqvMIPzCxDvUzl7ho="></latexit>

k + 2`i even ) k even
<latexit sha1_base64="gMHyrdOa3QeFkhZDjeUtU08PX4g="></latexit>

/
✓
`i k `i
0 0 0

◆✓
`j k `j
0 0 0

◆
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<latexit sha1_base64="B48XlQ+QSRKtcb0wVNEqpvad7Ko="></latexit>

(0 6 k 6 2 and 0 6 k 6 4) ) 0 6 k 6 2



Coulomb interaction – Slater Integrals

Core (p) valence (d) interaction – exchange term

l1 = l4 = 2, l2 = l3 = 1

R(1,3)
2,1,1,2 = G(1,3)

(slide from M. Haverkort)
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Exchange Slater integrals 
between inequivalent e-

≠ 0 if 

<latexit sha1_base64="MajLOXZhrAHLLcoNkkWgZvq1k08="></latexit> D
Y

(l⌧1 )
m⌧1

(✓1,�1)
���C(k)

m (✓1,�1)
���Y (l⌧3 )

m⌧3
(✓1,�1)

E

⇥
D
Y

(l⌧2 )
m⌧2

(✓2,�2)
���C(k)

m (✓2,�2)
⇤
���Y (l⌧4 )

m⌧4
(✓2,�2)

E

<latexit sha1_base64="TFkOV+Hj28z2d59dWfehz27d8vs="></latexit>

/
✓
`i k `j
0 0 0

◆ <latexit sha1_base64="PYiswuCEt3pvRzdBYAssYObxI+s="></latexit>

k + 3 even ) k odd
<latexit sha1_base64="a0/YZ/4VQlRBYDmDhR5HypmyH4U="></latexit>

|`i � `j ] 6 k 6 `i + `j ) 1 6 k 6 3

k = 1, 3



k⃗ m

n3 l⃗3 m3 σ3

n4 l⃗4 m4 σ4

n1 l⃗3 − k⃗ m3 −m σ3

n2 l⃗4 + k⃗ m4 +m σ4

Coulomb interaction – Slater Integrals

Graphical 
representation
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D
Y

(l⌧1 )
m⌧1

(✓1,�1)
���C(k)

m (✓1,�1)
���Y (l⌧3 )

m⌧3
(✓1,�1)

E

⇥
D
Y

(l⌧2 )
m⌧2

(✓2,�2)
���C(k)

m (✓2,�2)
⇤
���Y (l⌧4 )

m⌧4
(✓2,�2)

E

⇥
⌦
��⌧1

||��⌧3

↵ ⌦
��⌧2

||��⌧4

↵
(slide from M. Haverkort)

see haverkort_coulomb_repulsion.pptx
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angular integrals
Depend on orbital momentum
and electron filling of the shells

radial integrals
“Slater-Condon” 

Direct term 
Between equivalent electrons
(belonging to different shells)

Direct term 
Between inequivalent electrons
(belonging to different shells)

Exchange term 
Between inequivalent electrons
(belonging to different shells)

F k(�i, �j) =

� �

0

� �

0

rk
<

rk+1
>

|Pni�i(r)|2|Pnj�j (r
�)|2drdr�

Gk(�i, �j) =

� �

0

� �

0

rk
<

rk+1
>

P �
ni�i

(r)P �
nj�j

(r�)Pnj�j (r)Pni�i(r
�)drdr�

Radial integrals calculated numerically from Hartree-Fock atomic spin-orbitals

Can be scaled to account for 
covalency, i.e. delocalization = 
Adjustable parameters

Coulomb interaction -Slater intergralI

The general expression for the electron-electron interaction matrix element is 
:

<latexit sha1_base64="PFZMUgphJ/HMyMzKJ5LgCOOP09c="></latexit>

2`jX

k=0

shellsX

j

fk(`j , `j) F
k(`j , `j)

<latexit sha1_base64="bVM8lcu+FNJ9gs9KmO2BVhWB/nk="></latexit>

+

Min(2`i,2`j)X

k=0

shellsX

i,j
i 6=j

fk(`i, `j)F
k(`i, `j)

<latexit sha1_base64="GDWYpZhYYJG2hhjuhhpuUu6lRK8="></latexit>

+

`i+`jX

k=0

shellsX

i,j
i 6=j

gk(`i, `j)G
k(`i, `j)

<latexit sha1_base64="1jzpv8DBixxXP7ft5yYHjAc9rE0="></latexit>

h (~r1,~r2, ...,~rn)|Hee| 0(~r1,~r2, ...,~rn)i =



Final (excited) configuration 2p53dn+1

F2(3d,3d), F4(3d,3d) e- 3d

F2(2p,3d) direct repulsions e- 3d-2p
G1(2p,3d), G3(2p,3d) exchange repulsions e- 3d-2p

Initial configuration 2p63dn

F2(3d,3d), F4(3d,3d) 
Electronic repulsion between 3d e-
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Coulomb interaction - Slater intergralI

Core hole ⇒ Two (or more) open shells

Example : L2,3 edges of a 3dn ion 

Radial integrals calculated numerically from Hartree-Fock atomic spin-orbitals
(codes: RCN from R. Cowan, FPLO,…). They are included in the Crispy interface 
(M. Retegan) - Lecture Friday
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Coulomb interaction : Basis functions |L,S,ML ,MS>I

is the total electronic orbital momentum of the atom 

is the total electronic spin momentum of the atom 

Hion = Hkin + He-n + He-e + Hs-oNo spin-orbit

<latexit sha1_base64="Fw3joDJSAYuKGl1QjM/2xf0ct8o="></latexit>

L̂ =
NX

i=1

ˆ̀
i

<latexit sha1_base64="Wt2n8UgzZ1ETuuT5fBz8XXs0Bao=">AAACDHicbVC7SgNBFJ31GdfXqqXNaBCswq74LAIBGyuJaB6QXZfZySQZMvtgZlYIyxZWdtb+hI2IFmLrD2jjR1j4B042KTTxwIXDOfdy7z1exKiQpvmpTUxOTc/M5ub0+YXFpWVjZbUqwphjUsEhC3ndQ4IwGpCKpJKResQJ8j1Gal73uO/XrggXNAwuZC8ijo/aAW1RjKSSXGPD7iCZnKewCG0R+25Ci1Z6eQozWaQuha6RNwtmBjhOrCHJl44eru++37/KrvFhN0Mc+ySQmCEhGpYZSSdBXFLMSKrbsSARwl3UJg1FA+QT4STZKyncUkoTtkKuKpAwU39PJMgXoud7qtNHsiNGvb74n9eIZevQSWgQxZIEeLCoFTMoQ9jPBTYpJ1iyniIIc6puhbiDOMJSpafruorBGn16nFR3CtZ+Ye9M5bELBsiBdbAJtoEFDkAJnIAyqAAMbsA9eALP2q32qL1or4PWCW04swb+QHv7Afw1nvo=</latexit>

Ŝ =
NX

i=1

ŝi

somme Þ couplage d’opérateurs

!
<latexit sha1_base64="VplyD8PNSBsOyB6IQGbsyYGuIqc="></latexit>X

means � : coupling of angular momentum

Basis function for N-electrons
<latexit sha1_base64="Mcg6R+Az6+vPJz0c/S0Mi2mArg8=">AAACAHicbVDLSsNAFJ3UV42vqOjGzWARXJVEsHZZcOOiQqX2AW0Ik+mkHTqZhJmJUGI3foUrwZ3oQtz6HW5EP8bpY6GtBy4czrmXe+/xY0alsu1PI7OwuLS8kl0119Y3Nres7Z26jBKBSQ1HLBJNH0nCKCc1RRUjzVgQFPqMNPz++chv3BAhacSv1SAmboi6nAYUI6Ulz9q7hWVYhZdeWVcVtgXiXUY8K2fn7THgPHGmJFfajx/uv7+KFc/6aHcinISEK8yQlC3HjpWbIqEoZmRothNJYoT7qEtamnIUEumm4/OH8EgrHRhEQhdXcKz+nkhRKOUg9HVniFRPznoj8T+vlaig6KaUx4kiHE8WBQmDKoKjLGCHCoIVG2iCsKD6Voh7SCCsdGKmaeoYnNmn50n9JO8U8qdXOo8CmCALDsAhOAYOOAMlcAEqoAYwSMEjeAYvxp3xZLwab5PWjDGd2QV/YLz/AAiEmAk=</latexit>

|LSMLMSi

<latexit sha1_base64="jJ9lBMYDxGNtQ82djDJAf95G37o="></latexit>

bL2, bS2Hion and               have common eigenfunctions

since Hkin+He-n+He-e commutes with L̂2, L̂z, Ŝ
2, Ŝz

<latexit sha1_base64="vP9u8gZWFJadCVX+Js68FfAqLMM="></latexit><latexit sha1_base64="vP9u8gZWFJadCVX+Js68FfAqLMM="></latexit><latexit sha1_base64="vP9u8gZWFJadCVX+Js68FfAqLMM="></latexit><latexit sha1_base64="vP9u8gZWFJadCVX+Js68FfAqLMM="></latexit>



<latexit sha1_base64="g606AKHEId6LGOqc5sPpWPUQm9o="></latexit>

|`1`2LMLi =
`1X

m1=�`1

`2X

m2=�`2

h`1`2m1m2|`1`2LMLi|`1m1i|`2m2i
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I

is the total orbital momentum of the atom 

is the total spin momentum of the atom 

Basis function for N-electrons

Hion = Hkin + He-n + He-e + Hs-oNo spin-orbit

<latexit sha1_base64="Fw3joDJSAYuKGl1QjM/2xf0ct8o="></latexit>

L̂ =
NX

i=1

ˆ̀
i

<latexit sha1_base64="Wt2n8UgzZ1ETuuT5fBz8XXs0Bao=">AAACDHicbVC7SgNBFJ31GdfXqqXNaBCswq74LAIBGyuJaB6QXZfZySQZMvtgZlYIyxZWdtb+hI2IFmLrD2jjR1j4B042KTTxwIXDOfdy7z1exKiQpvmpTUxOTc/M5ub0+YXFpWVjZbUqwphjUsEhC3ndQ4IwGpCKpJKResQJ8j1Gal73uO/XrggXNAwuZC8ijo/aAW1RjKSSXGPD7iCZnKewCG0R+25Ci1Z6eQozWaQuha6RNwtmBjhOrCHJl44eru++37/KrvFhN0Mc+ySQmCEhGpYZSSdBXFLMSKrbsSARwl3UJg1FA+QT4STZKyncUkoTtkKuKpAwU39PJMgXoud7qtNHsiNGvb74n9eIZevQSWgQxZIEeLCoFTMoQ9jPBTYpJ1iyniIIc6puhbiDOMJSpafruorBGn16nFR3CtZ+Ye9M5bELBsiBdbAJtoEFDkAJnIAyqAAMbsA9eALP2q32qL1or4PWCW04swb+QHv7Afw1nvo=</latexit>

Ŝ =
NX

i=1

ŝi

somme Þ couplage d’opérateurs

<latexit sha1_base64="Mcg6R+Az6+vPJz0c/S0Mi2mArg8=">AAACAHicbVDLSsNAFJ3UV42vqOjGzWARXJVEsHZZcOOiQqX2AW0Ik+mkHTqZhJmJUGI3foUrwZ3oQtz6HW5EP8bpY6GtBy4czrmXe+/xY0alsu1PI7OwuLS8kl0119Y3Nres7Z26jBKBSQ1HLBJNH0nCKCc1RRUjzVgQFPqMNPz++chv3BAhacSv1SAmboi6nAYUI6Ulz9q7hWVYhZdeWVcVtgXiXUY8K2fn7THgPHGmJFfajx/uv7+KFc/6aHcinISEK8yQlC3HjpWbIqEoZmRothNJYoT7qEtamnIUEumm4/OH8EgrHRhEQhdXcKz+nkhRKOUg9HVniFRPznoj8T+vlaig6KaUx4kiHE8WBQmDKoKjLGCHCoIVG2iCsKD6Voh7SCCsdGKmaeoYnNmn50n9JO8U8qdXOo8CmCALDsAhOAYOOAMlcAEqoAYwSMEjeAYvxp3xZLwab5PWjDGd2QV/YLz/AAiEmAk=</latexit>

|LSMLMSi

Exemple : 2-electrons 

Clebsch-Gordan coefficients related to 3-j symbols

Coupling of angular momentum

<latexit sha1_base64="KaxvR7fWlXKtr3U3JuJjkvMdX9E="></latexit>

|`1 � `2| 6 L 6 `1 + `2

ML = m1 +m2

<latexit sha1_base64="c9iHlqmppsy9Zdn9MYVhaopO+fM="></latexit>

h`1`2m1m2|`1`2LMLi = (�1)`2�`1�ML
p
2L+ 1

✓
`1 `2 L
m1 m2 �ML

◆

Coulomb interaction : Basis functions |L,S,ML ,MS>
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I

Basis function for N-electrons

Hion = Hkin + He-n + He-e + Hs-oNo spin-orbit

<latexit sha1_base64="Mcg6R+Az6+vPJz0c/S0Mi2mArg8=">AAACAHicbVDLSsNAFJ3UV42vqOjGzWARXJVEsHZZcOOiQqX2AW0Ik+mkHTqZhJmJUGI3foUrwZ3oQtz6HW5EP8bpY6GtBy4czrmXe+/xY0alsu1PI7OwuLS8kl0119Y3Nres7Z26jBKBSQ1HLBJNH0nCKCc1RRUjzVgQFPqMNPz++chv3BAhacSv1SAmboi6nAYUI6Ulz9q7hWVYhZdeWVcVtgXiXUY8K2fn7THgPHGmJFfajx/uv7+KFc/6aHcinISEK8yQlC3HjpWbIqEoZmRothNJYoT7qEtamnIUEumm4/OH8EgrHRhEQhdXcKz+nkhRKOUg9HVniFRPznoj8T+vlaig6KaUx4kiHE8WBQmDKoKjLGCHCoIVG2iCsKD6Voh7SCCsdGKmaeoYnNmn50n9JO8U8qdXOo8CmCALDsAhOAYOOAMlcAEqoAYwSMEjeAYvxp3xZLwab5PWjDGd2QV/YLz/AAiEmAk=</latexit>

|LSMLMSi

Exemple : 2-electrons 

<latexit sha1_base64="307WhCEnw7GoLtnyiegiVlnF7bU="></latexit>

|s1s2SMSi =
s1X

ms1=�s1

s2X

ms2=�s2

hs1s2ms1ms2 |s1s2SMSi|s1ms1i|s2ms2i

antisymmetric combination of 

<latexit sha1_base64="s+LCKP6u49Hw+HxKPFdDp2vvMts="></latexit>

|s1 � s2| 6 S 6 s1 + s2

MS = ms1 +ms2

<latexit sha1_base64="aaOWlRxAmq66qD/I+BHa3KE6JwY="></latexit>

|`1`2LML and |s1s2SMSi

<latexit sha1_base64="g606AKHEId6LGOqc5sPpWPUQm9o="></latexit>

|`1`2LMLi =
`1X

m1=�`1

`2X

m2=�`2

h`1`2m1m2|`1`2LMLi|`1m1i|`2m2i
<latexit sha1_base64="KaxvR7fWlXKtr3U3JuJjkvMdX9E="></latexit>

|`1 � `2| 6 L 6 `1 + `2

ML = m1 +m2

Coulomb interaction : Basis functions |L,S,ML ,MS>
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I

Hion = Hkin + He-n + He-e + Hs-oNo spin-orbit

Basis function for N-electrons
<latexit sha1_base64="Mcg6R+Az6+vPJz0c/S0Mi2mArg8=">AAACAHicbVDLSsNAFJ3UV42vqOjGzWARXJVEsHZZcOOiQqX2AW0Ik+mkHTqZhJmJUGI3foUrwZ3oQtz6HW5EP8bpY6GtBy4czrmXe+/xY0alsu1PI7OwuLS8kl0119Y3Nres7Z26jBKBSQ1HLBJNH0nCKCc1RRUjzVgQFPqMNPz++chv3BAhacSv1SAmboi6nAYUI6Ulz9q7hWVYhZdeWVcVtgXiXUY8K2fn7THgPHGmJFfajx/uv7+KFc/6aHcinISEK8yQlC3HjpWbIqEoZmRothNJYoT7qEtamnIUEumm4/OH8EgrHRhEQhdXcKz+nkhRKOUg9HVniFRPznoj8T+vlaig6KaUx4kiHE8WBQmDKoKjLGCHCoIVG2iCsKD6Voh7SCCsdGKmaeoYnNmn50n9JO8U8qdXOo8CmCALDsAhOAYOOAMlcAEqoAYwSMEjeAYvxp3xZLwab5PWjDGd2QV/YLz/AAiEmAk=</latexit>

|LSMLMSi

letter for L
G=S pour L=0
G=P pour L=1
G=D pour L=2
G=F pour L=3

Spin multipliciy

Spectroscopic term |L S ML MS>

2S+1 G

ü The energy of                         does not depend on 

ü Degeneracy  (multiplicity) = 

Orbital degeneracy Spin degeneracy

<latexit sha1_base64="Mcg6R+Az6+vPJz0c/S0Mi2mArg8=">AAACAHicbVDLSsNAFJ3UV42vqOjGzWARXJVEsHZZcOOiQqX2AW0Ik+mkHTqZhJmJUGI3foUrwZ3oQtz6HW5EP8bpY6GtBy4czrmXe+/xY0alsu1PI7OwuLS8kl0119Y3Nres7Z26jBKBSQ1HLBJNH0nCKCc1RRUjzVgQFPqMNPz++chv3BAhacSv1SAmboi6nAYUI6Ulz9q7hWVYhZdeWVcVtgXiXUY8K2fn7THgPHGmJFfajx/uv7+KFc/6aHcinISEK8yQlC3HjpWbIqEoZmRothNJYoT7qEtamnIUEumm4/OH8EgrHRhEQhdXcKz+nkhRKOUg9HVniFRPznoj8T+vlaig6KaUx4kiHE8WBQmDKoKjLGCHCoIVG2iCsKD6Voh7SCCsdGKmaeoYnNmn50n9JO8U8qdXOo8CmCALDsAhOAYOOAMlcAEqoAYwSMEjeAYvxp3xZLwab5PWjDGd2QV/YLz/AAiEmAk=</latexit>

|LSMLMSi
<latexit sha1_base64="WgL/ARV1kp7qjxj6LppTkBmc4qM="></latexit>

(2L+ 1)(2S + 1)

<latexit sha1_base64="rC0Ud0crdJQO1GVsRPskyp3vR/k=">AAAB83icbVC7SgNBFL3rM66vjXbaDAbBQsKuYBRsAjYWBiKaByZLmJ1MkiGzs8vMrBBCPsHOTrQQW8HfsLfxQ+ydPApNPHDhcM693HtPEHOmtOt+WXPzC4tLy6kVe3VtfWPTSW+VVZRIQksk4pGsBlhRzgQtaaY5rcaS4jDgtBJ0z4d+5Y5KxSJxo3sx9UPcFqzFCNZGui00Lg/rZ6jQuG44GTfrjoBmiTchmXz63vne+XgvNpzPejMiSUiFJhwrVfPcWPt9LDUjnA7seqJojEkXt2nNUIFDqvz+6OIB2jdKE7UiaUpoNFJ/T/RxqFQvDExniHVHTXtD8T+vlujWqd9nIk40FWS8qJVwpCM0fB81maRE854hmEhmbkWkgyUm2oRk27aJwZt+epaUj7JeLnt8ZfLIwRgp2IU9OAAPTiAPF1CEEhAQ8ABP8Gwl1qP1Yr2OW+esycw2/IH19gORs5NI</latexit>

ML, MS

Multiplet state

Coulomb interaction 
Basis functions |L,S,ML ,MS>  - Spectroscopic terms
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I

Hion = Hkin + He-n + He-e + Hs-oNo spin-orbit

10
1 = 10 states

Exemple: d1

2D 

N-electrons atom/ion : Basis functions |L,S,ML ,MS>Coulomb interaction 
Basis functions |L,S,ML ,MS>  - Spectroscopic terms

𝑚ℓ = -2     -1     0      1      2 𝑚! = "#$ ,#$

<latexit sha1_base64="MMJ+A4VCzMvPhCPjfUIsvqTjtiE="></latexit>

L̂ =
1X

i=1

ˆ̀
i = ˆ̀

L = ` = 2

Ŝ =
1X

i=1

ŝi = ŝ

S = s =
1

2

1 Degenerate state
Multiplicity =10

Spin doublet

→ D term

d1
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ℓ = 2
𝑚ℓ = −2 − 1 0 1 2

<latexit sha1_base64="9opJD6nk9fmSM2U2u3hdlLqdKDE="></latexit>

S, P,D, F,G terms

<latexit sha1_base64="lwzQY3CrUDJ8jtC8tSVAc5pfeOA="></latexit>

Spin doublet or triplet

Antisymmetric states
5 terms/states

<latexit sha1_base64="i5KKgHTrzPOdPU+QFxBvNDusCso="></latexit>

Nb states =

✓
10
2

◆
= 10!

2!(10�2)! = 45

(by step 1)

Coulomb interaction 
States/Spectroscopic terms for 3d2 ionI

<latexit sha1_base64="JRubJP43TjSsyW3WBfyAz7+PtLo="></latexit>

Ŝ = ŝ� ŝ 0 6 S 6 2s = 1

<latexit sha1_base64="Nl2Z36ky1Tz46Lzi+aGJPtAecXM="></latexit>

L̂ = ˆ̀� ˆ̀ 0 6 L 6 2` = 4
<latexit sha1_base64="ITA07Evok+4y/uV6BqxYhaIabBE="></latexit>

L = 0, 1, 2, 3, 4

<latexit sha1_base64="PWd6xdfEOyYdYdZ0cF458Wao8vY=">AAACCnicbVDLSgMxFM34rONr1KWiwSK4kDKj+AA3RUVdtmgf0BeZNNOGZh4kGaEMXXbnn7gThYpbP8GN3+BPmM50oa0HQs49516Se+yAUSFN80ubmp6ZnZtPLeiLS8srq8baelH4IcekgH3m87KNBGHUIwVJJSPlgBPk2oyU7M7l0C89EC6o793LbkBqLmp51KEYSSU1jJ26dXdQPYf1o1x8WVdJdZ1UNw0jbWbMGHCSWCOSzm4N8t/97UGuYXxWmz4OXeJJzJAQFcsMZC1CXFLMSE+vhoIECHdQi1QU9ZBLRC2KF+nBPaU0oeNzdTwJY/X3RIRcIbqurTpdJNti3BuK/3mVUDpntYh6QSiJh5OHnJBB6cNhKrBJOcGSdRVBmFP1V4jbiCMsVXa6rqsYrPGlJ0nxMGOdZI7zKo8LkCAFNsEu2AcWOAVZcAtyoAAw6IMn8AJetUftWXvT3pPWKW00swH+QPv4AVpumYE=</latexit>

1S, 3P, 1D, 3F, 1G

3d2
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Energy

𝐻!"!

No
Spin-orbit

Ground state:

Given by Hunds rules

1. max S 

2. max L First and second
Hund’s rules

F 0 +
2

7
F 2 +

2

7
F 4

F 0 +
4

49
F 2 +

1

441
F 4

F 0 +
3

21
F 2 � 4

21
F 4

F 0 � 3

49
F 2 +

4

49
F 4

F 0 � 8

49
F 2 � 1

49
F 4

1S

1G
3P
1D

3F

3d2

F 0 � 2

63
F 2 � 2

63
F 4

Coulomb interaction 
States/Spectroscopic terms for 3d2 ionI
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N-electrons atom/ion : the free ion case
Spin-orbit couplingI

Hion = Hkin + He-n + He-e + Hs-o

Free ion (spherical)

Spin-orbit coupling

<latexit sha1_base64="z+LBs0s+rzQa+vTvJ4iO4HJ1ue0="></latexit>

Hs�o =
NX

i=1

⇠(ri)ˆ̀i .̂si
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N-electrons atom/ion : the free ion case
Spin-orbit coupling : basis functionI

Basis functions for N-electrons
<latexit sha1_base64="BXhNARyH/osJUdVi/Pkp7wWYHos="></latexit>

|(LS)JMJ >
<latexit sha1_base64="IOY0PvjvXCMYYnSBYt+Jq4/ZkuY="></latexit>

Ĵ = L̂� Ŝ operator associated with the spin-orbit coupling
|L� S| 6 J 6 L+ S

Hion = Hkin + He-n + He-e + Hs-o

Common eigenfunctions with bJ2, bJz, bL2, bS2
<latexit sha1_base64="VeJHSQfB6eFpPPsA3aIVlExFbUw="></latexit><latexit sha1_base64="PGU2GypC2m2Ui82YuGhM0CgYGEE="></latexit><latexit sha1_base64="PGU2GypC2m2Ui82YuGhM0CgYGEE="></latexit><latexit sha1_base64="OAGT/5k7wRAdEHDbHNx3mcwcfOE="></latexit>

(Hcin+He-n+He-e commutes with                           )L̂2, L̂z, Ŝ
2, Ŝz

<latexit sha1_base64="vP9u8gZWFJadCVX+Js68FfAqLMM="></latexit><latexit sha1_base64="vP9u8gZWFJadCVX+Js68FfAqLMM="></latexit><latexit sha1_base64="vP9u8gZWFJadCVX+Js68FfAqLMM="></latexit><latexit sha1_base64="vP9u8gZWFJadCVX+Js68FfAqLMM="></latexit>

Hcin+He-n+He-e+Hs-o commutes with bJ2, bJz, bL2, bS2
<latexit sha1_base64="VeJHSQfB6eFpPPsA3aIVlExFbUw="></latexit><latexit sha1_base64="PGU2GypC2m2Ui82YuGhM0CgYGEE="></latexit><latexit sha1_base64="PGU2GypC2m2Ui82YuGhM0CgYGEE="></latexit><latexit sha1_base64="OAGT/5k7wRAdEHDbHNx3mcwcfOE="></latexit>

The energy of does not depend on MJ

Degeneracy = 2J+1

<latexit sha1_base64="BXhNARyH/osJUdVi/Pkp7wWYHos="></latexit>

|(LS)JMJ >



letter for L
G=S pour L=0
G=P pour L=1
G=D pour L=2
G=F pour L=3

Spin
multipiicity

Spectroscopic terms

2S+1 GJ

<latexit sha1_base64="BXhNARyH/osJUdVi/Pkp7wWYHos="></latexit>

|(LS)JMJ >
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N-electrons atom/ion : the free ion case
Spin-orbit coupling : spectroscopic termsI

Basis function for N-electrons
<latexit sha1_base64="BXhNARyH/osJUdVi/Pkp7wWYHos="></latexit>

|(LS)JMJ >

Hion = Hkin + He-n + He-e + Hs-o

Example: d1

L=2, S=1/2
|L-S| ≤ J ≤ L+S
J=3/2,5/2

J value

2 states
2D3/2

2D5/2
2D

He-e + Hs-oHe-e
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N-electrons atom/ion : the free ion case
Spin-orbit coupling : matrix elementsI

Hion = Hkin + He-n + He-e + Hs-o

angular integrals
Depend on the electron 

configuration (analytical)

radial integrals
Numerical from HF calculations

The general expression for the spin-orbit interaction matrix element is :

h↵LSJMJ |Hso|↵0
L
0
S
0
J
0
M

0
Ji =

shellsX

j

dj ⇣j

<latexit sha1_base64="z+LBs0s+rzQa+vTvJ4iO4HJ1ue0="></latexit>

Hs�o =
NX

i=1

⇠(ri)ˆ̀i .̂si

<latexit sha1_base64="xYBH9i+4VvLCbbMvJhr25p/iqkM="></latexit>

⇠i(ri) =
↵2

2

1

r

dVi(ri)

dri
𝑉& central-field potential 
for an electron i the spin-orbital i

<latexit sha1_base64="TA7W/tlxlIeUA1iT29WOMR6cQ3M="></latexit>

⇣j =

Z 1

0
⇠i(ri)|Pnj`j (r)|2dr

Radial integrals calculated numerically from Hartree-Fock atomic spin-
orbitals (codes: RCN from R. Cowan, FPLO,…). They are included in the Crispy
interface (M. Retegan) - Lecture Friday

<latexit sha1_base64="QWkA8Klq4a2cqS2a3858cHtpiaY="></latexit>

⇣j
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3d2

1S

1G
3P
1D

3F

1S0

1D2

3P2 3P13P0

1G4

3F3
3F4 3F2

3F2

3F3

3F4
⇡ 3/2 ⇣3d

⇡ �1/2 ⇣3d

⇡ �2 ⇣3d

Ground state given by
third Hund’s rule

Energy

No
Spin-orbit Spin-orbit

Coulomb interaction + spin-orbit 
States/Spectroscopic terms for 3d2 ionI

Ground state:
Given by Hunds rules
1. Max S
2. Max L
3. Min J (if less than half full)

Max J (if more than half full)



Heidelberg 2024 33

Coulomb interaction + spin-orbitI

Core hole ⇒ Two (or more) open shells

Example : L2,3 edges of a 3dn ion Radial integrals

Initial configuration 2p63dn

F2(3d,3d), F4(3d,3d) 
Electronic repulsion between 3d e-

Final (excited) configuration 2p53dn+1

F2(3d,3d), F4(3d,3d) e- 3d

F2(2p,3d) direct 
G1(2p,3d), G3(2p,3d) exchange

+
<latexit sha1_base64="JRIi07gDvIA/bfbnIodWGdG44Oo="></latexit>

⇣3d

+
<latexit sha1_base64="cm/bR+uEh88TwQXG8RikzmvtE7k="></latexit>

⇣3d, ⇣2p

<latexit sha1_base64="Yyb1h4+U3y75KRpabBbqll5SG7A="></latexit>

0.02 eV  ⇣3d  0.1 eV

10 eV  ⇣2p  20 eV
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Coulomb interaction + spin-orbit QuantyI

Quanty script Next tutorial

OppUF0 =NewOperator("U", NF, IndexUp_3d, IndexDn_3d, {1,0,0})
OppUF2 = NewOperator("U", NF, IndexUp, IndexDn, {0,1,0})
OppUF4 = NewOperator("U", NF, IndexUp, IndexDn, {0,0,1})

F2dd    = 11.142 
F4dd    =  6.874

Oppldots = NewOperator("ldots", NF, IndexUp, IndexDn)

zeta_3d =  0.081

Hamiltonian = F0dd*OppF0 + F2dd*OppF2 + F4dd*OppF4 
+ zeta_3d*Oppldots

Radial integrals
(Numerical from 
Hartree-Fock or
ab initio)

Angular integrals



Atomic multiplet theory: N-electrons atom/ion 
Crystal fieldII

35Heidelberg 2024

I. The free atom/ion case (spherical) : N-electrons atom/ion

II. The atom/ion in a crystal field

III. Crystal field and magnetism

Mn+

O2-



Crystal field theory : origin
Hans Bethe (1906-2005) [2]
(Nobel Prize in Physics 1967)

I. Approche du champ cristallin

• Hans Bethe (1906-2005)
En 1929 (Université de 
Tübingen): Modèle pour 
expliquer les propriétés 
du cristal de NaCl.

Les ions sont considérés 
comme étant des 
sphères chargées 
indéformables et 

l’interaction entre eux 
résulte simplement du 

potentiel électrique 
généré par ces charges.

(prix Nobel de physique 
1967)

Heidelberg 2024

[1] H. Bethe, Annalen der Physik, 1929
[2] W. Kutzelnigg, Angew. Chem. 44, 25 (2005)

In 1929 (University of Tübingen) [1]

“ Either we treat the crystal as a complete
whole (spatial-periodic potential field and 
wave function) “ (F. Bloch theory)

or

“ one can start from a free atom and treat
its disturbance in the crystal “

“the atom in the crystal is influenced by 
the other atoms by an electric field of 
certain symmetry“ = Crystal field

36



Crystal field : origin

Na+

Cl-

• Un ion Na+ entouré de 6 ions Cl- comme plus proche voisins
• Ions = sphères chargées indéformables
• Interaction résulte du potentiel électrostatique créé

Cristal de NaCl

Potentiel électrostatique produit par une charge négative:
νi = e / r

(r = distance entre centre de la charge et un point i)

Effet des 6 charges négatives: Vi = Σ νii=1
6

Cl-
Na+

NaCl crystal

Crystal field (CF)

Electric potential generated by the charges of 
the neighbor atoms

Heidelberg 2024 37

Na+ ion surrounded by 6 Cl- ions (nearest 
neighbors

Ø CF = Electrostatic potential produced by 6 
negative charges:

(ri = Na-Cl distance)

Ø Depends on the local symmetry  

Hans Bethe (1929) : Model used for NaCl crystal.

H. Bethe, Annalen der Physik, 1929

<latexit sha1_base64="16vSApWSJtiZssjQfizvura2x6E="></latexit>

VCF =
6X

i=1

e

ri



Analogy in solid-state or coordination complexes : 
Consider the ligands as charged spheres

Perovskite SrTiO3
O2-

Ti4+
Fe3+ CN-

Tp=tris-pyrazolyl borate

Tp-
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Local model (restricted to the first neighbors /ligands)

Crystal field : generalizationII



Symmetry : responsible for many physical and spectroscopic 
properties of compounds

Group theory :  powerful tool  
Ø simplify calculations, 
Ø predict some properties
Ø defines the language of labeling
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Crystal field SymmetryII



Symmetry operations : some notations to know

• E, the identity
• Cn, a rotation by an angle 2π/n;
• σ reflection in a plane, classified as 

• σh, reflection through a plane perpendicular to the axis of highest 
rotation symmetry, called principal axis 

• σv, reflection through a plane to which the principal axis belongs 
• σd, reflection through a plane to which the principal axis belongs, 

and bisecting the angle between the two-fold axes perpendicular 
to the principal axis. 

• Sn= σh⊗Cn, improper rotation of an angle 2π/n
• I = S2, the inversion. 
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Crystal field SymmetryII

Quanty
https://www.quanty.org/physics_chemistry/point_groups#symmetry_operations



Symmetries : some point groups
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u A group of symmetry is an ensemble of symmetry operations (group theory)
u Each group is labeled (in Schönfliess notation)

u Each group has a table of representations

Crystal field Symmetry – Point groupsII



O2-

Ti4+

Approximative
Trigonal group : 

C3v

Fe3+ CN-

Tp-

[TpFeIII(CN)3]
�
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SrT iO3
<latexit sha1_base64="/GHYR1cYtLS0YAe73WumU6kGa+8="></latexit><latexit sha1_base64="cQv7dI6rzgn6KT+aL1JtkrT7mOA="></latexit><latexit sha1_base64="cQv7dI6rzgn6KT+aL1JtkrT7mOA="></latexit><latexit sha1_base64="yxkT9v83PzUdtTv3T9Gi4ipCoyw="></latexit>

Octahedral 
Group : Oh
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Crystal field Symmetry – Point groups II

Local point group deduced from crystallography data (.cif or other) 
or approximation 
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Quanty : 
http://www.quanty.org/physics_chemistry/point_groups#a_flow_
diagram_to_determine_the_point_group

Crystal field Symmetry – Point groups -treeII

http://www.quanty.org/physics_chemistry/point_groups


SrT iO3
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Octahedral
Group : Oh

This document is provided by the Chemical Portal www.webqc.org

Character table for Oh point group

E 8C3 6C2 6C4 3C2 =(C4)2 i 6S4 8S6 3σh 6σd
linear,

rotations quadratic

A1g 1 1 1 1 1 1 1 1 1 1 x2+y2+z2

A2g 1 1 -1 -1 1 1 -1 1 1 -1

Eg 2 -1 0 0 2 2 0 -1 2 0 (2z2-x2-y2, x2-y2)
T1g 3 0 -1 1 -1 3 1 0 -1 -1 (Rx, Ry, Rz)

T2g 3 0 1 -1 -1 3 -1 0 -1 1 (xz, yz, xy)

A1u 1 1 1 1 1 -1 -1 -1 -1 -1

A2u 1 1 -1 -1 1 -1 1 -1 -1 1

Eu 2 -1 0 0 2 -2 0 1 -2 0

T1u 3 0 -1 1 -1 -3 -1 0 1 1 (x, y, z)

T2u 3 0 1 -1 -1 -3 1 0 1 -1

You may print and redistribute verbatim copies of this document.
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O2-

Ti4+

Character table 

Symmetry elements Basis functions

Irreducible representation : 
labeled the symmetry properties of a state in the group

Crystal field Symmetry: Octahedral OhII



All you need is in the web page Quanty.org
http://quanty.org/physics_chemistry/point_groups
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Crystal field Point groups: Quanty websiteII

http://quanty.org/physics_chemistry/point_groups
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http://quanty.org/physics_chemistry/point_groups/ohOh

Crystal field Point groups: Quanty website
orientations

II

http://quanty.org/physics_chemistry/point_groups/oh
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http://quanty.org/physics_chemistry/point_groups/ohOh

Crystal field Point groups: Quanty website
orientations

II

C4 C2

C3

http://quanty.org/physics_chemistry/point_groups/oh
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Crystal field HamiltonianII

Crystal-field theory
Approximate the solid by a single atom in an effective potential

V (~r)

!!!! WARNING !!!!
Crystal-field potentials do not exist. 
They are effective Hamiltonians introduced to mimic 
covalent bonding.
Covalent bonds are stronger than ionic bonds



HCF =
1X

k=0

kX

m=�k

Ak,mC
m
k (✓,�)
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Ak,m are the crystal field parameters

<latexit sha1_base64="UFBXF6mG1QIyHr7neMHZu4tHFIM="></latexit>

Ck,m(✓,�) =
⇣

4⇡
2k+1

⌘1/2
Yk,m(✓,�)

Crystal Field (CF) potential : 
expanded on the normalized spherical harmonics

The infinite sum is limited by 2ℓ

(from CF matrix element calculation) 

Crystal field HamiltonianII
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The crystal field potential

HCF =
1X

k=0

kX

m=�k

Ak,mC
m
k (✓,�)
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Angular
Spherical harmonics

�i(r,�) =
1

r
Pni`i(r) Y`,m(✓,�) �msi

(�)
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Radial
spin

<latexit sha1_base64="G4LV9fCHyweGNdByyuVR+EJvchc="></latexit>

h�i|HCF |�ji / hY`,mi |Ck,m|Y`,mj i

Basis function (one electron)

<latexit sha1_base64="L8bRhMJW7kKTYyyh4koFKmAXcs8="></latexit>

6= 0 if k even (2`+ k even), 0  k  2`

For an electron in orbital 
<latexit sha1_base64="USYoLa93GSA+xg/1djLTc7SqMdI="></latexit>

`

<latexit sha1_base64="EhCKK95rhmqugoUq3u8WQ933/h0="></latexit>

/
✓

` k `
0 0 0

◆✓
` k `

�mi m mj

◆

Crystal field Hamiltonian – matrix elementII



Heidelberg 2024 51

<latexit sha1_base64="Y0Cz8ePpiSiUhFCgjy83pdH4ics="></latexit>

HCF =
2X̀

k=0,
k even

kX

m=�k

Ak,mCk,m(✓,�)

Ak,m = (�1)mA⇤
k,�m

Hermitian Matrix

3d ion
<latexit sha1_base64="sTN7rv79mpg/q8XM7OXABX30Hw4="></latexit>

` = 2 4f ion  
<latexit sha1_base64="XM0gjZTgA1BMXnWg+1cA/RxAsJk="></latexit>

` = 3
<latexit sha1_base64="KCqvQ1wKeabJaWr4j3HxxFz7Ui4="></latexit>

k = 0, 2, 4
<latexit sha1_base64="+/fOvpkKSRWxmWmqtf8vZtoTewM="></latexit>

k = 0, 2, 4, 6

Exemples

Crystal field HamiltonianII



OiHCF = HCF
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<latexit sha1_base64="Y0Cz8ePpiSiUhFCgjy83pdH4ics="></latexit>

HCF =
2X̀

k=0,
k even

kX

m=�k

Ak,mCk,m(✓,�)

Some Akm = 0 due to symmetry

CF Hamiltonian belongs to the point group symmetry G
→ is invariant under all symmetry operation Oi of G

Point group G=Oh

Crystal field Hamiltonian and symmetryII

The sum over k is reduced by symmetry properties



Only 2 non-zero Akm : A00, A40
(A00 spherical term) 

This document is provided by the Chemical Portal www.webqc.org

Character table for Oh point group

E 8C3 6C2 6C4 3C2 =(C4)2 i 6S4 8S6 3σh 6σd
linear,

rotations quadratic

A1g 1 1 1 1 1 1 1 1 1 1 x2+y2+z2

A2g 1 1 -1 -1 1 1 -1 1 1 -1

Eg 2 -1 0 0 2 2 0 -1 2 0 (2z2-x2-y2, x2-y2)
T1g 3 0 -1 1 -1 3 1 0 -1 -1 (Rx, Ry, Rz)

T2g 3 0 1 -1 -1 3 -1 0 -1 1 (xz, yz, xy)

A1u 1 1 1 1 1 -1 -1 -1 -1 -1

A2u 1 1 -1 -1 1 -1 1 -1 -1 1

Eu 2 -1 0 0 2 -2 0 1 -2 0

T1u 3 0 -1 1 -1 -3 -1 0 1 1 (x, y, z)

T2u 3 0 1 -1 -1 -3 1 0 1 -1

You may print and redistribute verbatim copies of this document.
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Example : Oh symmetry

H
Oh
CF

= A4,0C
0
4 +

r
5

14
A4,0(C

�4
4 + C

4
4 )
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HCF 2 A1g
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CF matrix

Crystal field Hamiltonian and symmetryII

Fully symmetric representation
<latexit sha1_base64="vyPKlIaDDNL1NiSfmjpIPKjHk8w="></latexit>

A1g = �1
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Ø Basis of atomic orbitals �i(r,�) =
1

r
Pni`i(r) Y`,m(✓,�) �msi

(�)
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Ø 3d shell : n=3, =2 2+1=5 basis functions ( -2 ≤ m ≤ 2 )

Crystal-Field, Tight-Binding and Jahn-Teller 6.37

y

x

z

Fig. 14: The s (first row), py, pz, px (second row), and dxy, dyz, d3z2−r2 , dxz, dx2−y2 (last row)

real harmonics.

Using the definitions x = r sin θ cosφ, y = r sin θ sin φ, z = r cos θ, we can express the

l = 0, 1, 2 real harmonics (Fig. 14) as

s = y00 = Y 0
0 =

√

1
4π

py = y1−1 =
i√
2
(Y 1

1 + Y 1
−1) =

√

3
4π y/r

pz = y10 = Y 0
2 =

√

3
4π z/r

px = y11 = 1√
2
(Y 1

1 − Y 1
−1) =

√

3
4π x/r

dxy = y2−2 =
i√
2
(Y 2

2 − Y 2
−2) =

√

15
4π xy/r2

dyz = y2−1 =
i√
2
(Y 2

1 + Y 2
−1) =

√

15
4π yz/r2

d3z2−r2 = y20 = Y 0
2 =

√

15
4π

1
2
√
3
(3z2 − r2)/r2

dxz = y21 = 1√
2
(Y 2

1 − Y 2
−1) =

√

15
4π xz/r2

dx2−y2 = y22 = 1√
2
(Y 2

2 + Y 2
−2) =

√

15
4π

1
2 (x2 − y2)/r2

Ø 3d orbitals = real functions, linear combination of 

x
y

z
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dxy dyz dz2 dxz dx2-y2

Crystal field 3d atomic orbitalsII
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Y2,m`(✓,�) with m` = �2,�1, 0, 1, 2

<latexit sha1_base64="rDct5vF5SEQpZdePFLuut1eHKH4="></latexit>

Y2,m`(✓,�)
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A0,0 +
2
7A4,0 0 0 0 0

0 A0,0 +
2
7A4,0 0 0 0

0 0 A0,0 � 4
21A4,0 0 0

0 0 0 A0,0 � 4
21A4,0 0

0 0 0 0 A0,0 � 4
21A4,0

1

CCCCA
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BBBB@

A0,0 +
1
21A4,0 0 0 0 5

21A4,0

0 A0,0 � 4
21A4,0 0 0 0

0 0 A0,0 +
2
7A4,0 0 0

0 0 0 A0,0 � 4
21A4,0 0

5
21A4,0 0 0 0 A0,0 +

1
21A4,0

1

CCCCA
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1) CF matrix in {Y2,m} basis (see quanty.org)

2) Diagonalization
dx2�y2 dz2 dyz dxz dxy
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Oh crystal field splits the d orbitals in two groups

{dx2�y2 , dz2} and {dyz, dxz, dxy}
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Crystal field 3d splitting in Oh symmetryII

Not diagonal

<latexit sha1_base64="eb2Yk5nJUMvqb2zZd97LoJMFCS0="></latexit>

H
Oh
CF

= (A0,0C0,0+) A4,0C4,0 +
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5

14
A4,0(C4,�4 + C4,4)



This document is provided by the Chemical Portal www.webqc.org

Character table for Oh point group

E 8C3 6C2 6C4 3C2 =(C4)2 i 6S4 8S6 3σh 6σd
linear,

rotations quadratic

A1g 1 1 1 1 1 1 1 1 1 1 x2+y2+z2

A2g 1 1 -1 -1 1 1 -1 1 1 -1

Eg 2 -1 0 0 2 2 0 -1 2 0 (2z2-x2-y2, x2-y2)
T1g 3 0 -1 1 -1 3 1 0 -1 -1 (Rx, Ry, Rz)

T2g 3 0 1 -1 -1 3 -1 0 -1 1 (xz, yz, xy)

A1u 1 1 1 1 1 -1 -1 -1 -1 -1

A2u 1 1 -1 -1 1 -1 1 -1 -1 1

Eu 2 -1 0 0 2 -2 0 1 -2 0

T1u 3 0 -1 1 -1 -3 -1 0 1 1 (x, y, z)

T2u 3 0 1 -1 -1 -3 1 0 1 -1

You may print and redistribute verbatim copies of this document.

{dx2�y2 , dz2} 2 eg

{dyz, dxz, dxy} 2 t2g
<latexit sha1_base64="pw/1nvJG/oHNoP8IMR8BkD8Roh4="></latexit><latexit sha1_base64="pw/1nvJG/oHNoP8IMR8BkD8Roh4="></latexit><latexit sha1_base64="pw/1nvJG/oHNoP8IMR8BkD8Roh4="></latexit><latexit sha1_base64="pw/1nvJG/oHNoP8IMR8BkD8Roh4="></latexit>

Ø From the Oh group properties, one can guess the splitting of the d 
orbitals

Ø d orbitals are called eg and t2g  *
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(*)N.B. : lower case letter (eg and t2g) for one electron

Crystal field 3d splitting in Oh symmetry
Use of group symmetry

II



(parameter)

�4Dq

+6Dq

3d (�5)

eg (�2)

t2g (�3)

10Dq

Towards the ligand : destabilized 
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Crystal field strength

Eeg = A0,0 +
2
7A4,0 = +6Dq

Et2g = A0,0 � 4
21A4,0 = �4Dq

<latexit sha1_base64="tJnSpXDYooC/c6PZrwQWEeJPRhA="></latexit><latexit sha1_base64="tJnSpXDYooC/c6PZrwQWEeJPRhA="></latexit><latexit sha1_base64="tJnSpXDYooC/c6PZrwQWEeJPRhA="></latexit><latexit sha1_base64="tJnSpXDYooC/c6PZrwQWEeJPRhA="></latexit>

Crystal field 3d splitting in Oh symmetryII

<latexit sha1_base64="7Ts4ihsjFtjZgZDUHxTbTW2r0no=">AAACBnicbZC7SgNBFIZn1Whcb6uWsRgMgk3CbvDWCAEVLCOYCyTLMjuZJENmZ9eZWSUsW9jZ+Rh2ooXY2vgGNr6Nk0uhiT8MfPznHM6c348Ylcq2v425+YXM4lJ22VxZXVvfsDa3ajKMBSZVHLJQNHwkCaOcVBVVjDQiQVDgM1L3+2fDev2WCElDfq0GEXED1OW0QzFS2vKsnGOf38BTeOElxEu6aVrQpLykpNGz8nbRHgnOgjOBfHmncOc8fmYqnvXVaoc4DghXmCEpm44dKTdBQlHMSGq2YkkihPuoS5oaOQqIdJPRESnc004bdkKhH1dw5P6eSFAg5SDwdWeAVE9O14bmf7VmrDonbkJ5FCvC8XhRJ2ZQhXCYCGxTQbBiAw0IC6r/CnEPCYSVzs00TR2DM330LNRKReeoeHil8zgAY2VBDuyCfeCAY1AGl6ACqgCDe/AEXsCr8WA8G2/G+7h1zpjMbIM/Mj5+AMQDmdo=</latexit>

10Dq = Eeg � Et2g



Ak,m =

8
>>><

>>>:

2
5Eeg + 3

5Et2g k = 0 m = 0
21
10 (Eeg � Et2g ) k = 4 m = 0

21
10

q
5
14 (Eeg � Et2g ) k = 4 m = ±4

0 True

�4Dq

+6Dq

3d (�5)

eg (�2)

t2g (�3)

10Dq

Quanty : Ak,m defined in function the orbital energies
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Eeg = A0,0 +
2
7A4,0 = +6Dq

Et2g = A0,0 � 4
21A4,0 = �4Dq

<latexit sha1_base64="tJnSpXDYooC/c6PZrwQWEeJPRhA="></latexit><latexit sha1_base64="tJnSpXDYooC/c6PZrwQWEeJPRhA="></latexit><latexit sha1_base64="tJnSpXDYooC/c6PZrwQWEeJPRhA="></latexit><latexit sha1_base64="tJnSpXDYooC/c6PZrwQWEeJPRhA="></latexit>

Crystal field Oh Crystal field parametersII



Elongated
or compressed Oh
along C4 axis

Square planar

D4h
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Crystal field Tetragonal (D4h) crystal fieldII



Elongated
or compressed Oh
along C4 axis

Square planar

D4h

This document is provided by the Chemical Portal www.webqc.org

Character table for D4h point group

E 2C4 (z) C2 2C'2 2C''2 i 2S4 σh 2σv 2σd
linears,

rotations quadratic

A1g 1 1 1 1 1 1 1 1 1 1 x2+y2, z2

A2g 1 1 1 -1 -1 1 1 1 -1 -1 Rz

B1g 1 -1 1 1 -1 1 -1 1 1 -1 x2-y2

B2g 1 -1 1 -1 1 1 -1 1 -1 1 xy

Eg 2 0 -2 0 0 2 0 -2 0 0 (Rx, Ry) (xz, yz)

A1u 1 1 1 1 1 -1 -1 -1 -1 -1

A2u 1 1 1 -1 -1 -1 -1 -1 1 1 z

B1u 1 -1 1 1 -1 -1 1 -1 -1 1

B2u 1 -1 1 -1 1 -1 1 -1 1 -1

Eu 2 0 -2 0 0 -2 0 2 0 0 (x, y)

You may print and redistribute verbatim copies of this document.

From D4h table, one predicts the 3d splitting in 4 groups
{dz2} 2 a1g

{dx2�y2} 2 b1g

{dxy} 2 b2g

{dxz, dyz} 2 eg
<latexit sha1_base64="c/8HZF7rOJiDq2TxhvgKt8LSSpk="></latexit><latexit sha1_base64="c/8HZF7rOJiDq2TxhvgKt8LSSpk="></latexit><latexit sha1_base64="c/8HZF7rOJiDq2TxhvgKt8LSSpk="></latexit><latexit sha1_base64="c/8HZF7rOJiDq2TxhvgKt8LSSpk="></latexit> Heidelberg 2024 60

Crystal field Tetragonal (D4h) crystal fieldII



Ø CF matrix diagonal in the {d} basis  
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H
D4h
CF = A0,0C0,0 +A2,0C2,0 +A4,0C4,0 +A4,4(C4,�4 + C4,4)

<latexit sha1_base64="GiCx45tYvUcoaliv0VnWmvIvle4="></latexit><latexit sha1_base64="Sg1xZQ8r+yhD5FiNuxR8Zwh2DcY="></latexit><latexit sha1_base64="Sg1xZQ8r+yhD5FiNuxR8Zwh2DcY="></latexit><latexit sha1_base64="rbC857tvq8aAYI2AKHviQ06tpI0="></latexit>

4 energy levels

<latexit sha1_base64="IjcT/dhS2yx3JDga45TLBZbyOlY="></latexit>0

BBBB@

Ea1g 0 0 0 0
0 Eb1g 0 0 0
0 0 Eeg 0 0
0 0 0 Eeg 0
0 0 0 0 Eb2g

1

CCCCA

<latexit sha1_base64="HQBaqW78GtfG/1HF9Gk7W2GMKW8="></latexit>

dx2�y2 dz2 dyz dxz dxy

Crystal field Tetragonal (D4h) crystal fieldII
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H
D4h
CF = A0,0C0,0 +A2,0C2,0 +A4,0C4,0 +A4,4(C4,�4 + C4,4)
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-*1/2

+*1/2

+2*2/3

-*2/3

)o

)o

eg

t2g

Oh                                                                            D4h

increasing stretch along  z 

eg (dxz, dyz)

b2g (dxy)

a1g (dz2)

b1g (dx2-y2)

Magnitudes of the δ1 and δ2 Splittings

! Both the δ1 and δ2 splittings, which are very small compared
to Δo, maintain the barycenters defined by the eg and t2g levels
of the undistorted octahedron.
• The energy gap δ1 is larger than that of δ2, because the dx2-y2

and dz2 orbitals are directed at ligands.
• The distortion has the same effect on the energies of both

the dx2-y2 and dxy orbitals; i.e. δ1/2 = 2δ2/3.

L As a result, the energies of both the dx2-y2 and dxy rise in
parallel, maintaining a separation equal to Δo of the
undistorted octahedral field.

• Note that δ1/2 = 2δ2/3 implies that δ1 = (4/3)δ2.

10Dq
10Dq

D4h (elongation)Oh

2Ds � 6Dt
<latexit sha1_base64="sJuCM0KYCW4v/MJ4wj1eqAGqeJk="></latexit><latexit sha1_base64="sJuCM0KYCW4v/MJ4wj1eqAGqeJk="></latexit><latexit sha1_base64="sJuCM0KYCW4v/MJ4wj1eqAGqeJk="></latexit><latexit sha1_base64="sJuCM0KYCW4v/MJ4wj1eqAGqeJk="></latexit>

2Ds �Dt
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2Ds �Dt
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�Ds + 4Dt
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(*)The relation with Dq,Ds,Dt in König&Kremer « Ligand field. Energy diagram »

Crystal field Tetragonal (D4h) crystal fieldII



Akm = PotentialExpandedOnYlm("Oh",2,{0.6,-0.4});
OpptenDq = NewOperator("CF", NFermion, dIndexUp, dIndexDn, Akm);

Ak,m =

8
>>><

>>>:

2
5Eeg + 3

5Et2g k = 0 m = 0
21
10 (Eeg � Et2g ) k = 4 m = 0

21
10

q
5
14 (Eeg � Et2g ) k = 4 m = ±4

0 True

The Oh potential is defined by:

1) Pre-defined CF potential 

2) User made CF potential: Akm=
Akm = {{4,0,21/10},{4,-4,21/10sqrt(5/14)}, {4,4,21/10sqrt(5/14)}};
OpptenDq = NewOperator("CF", NFermion, dIndexUp, dIndexDn, Akm);

H
Oh
CF

= A0,0C0,0 +A4,0C4,0 +

r
5

14
A4,0(C4,�4 + C4,4) = 21DqC4,0 + 21

r
5

14
Dq(C4,�4 + C4,4)
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{{k1,m1, Ak1,m1}, {k2,m2, Ak2,m2}, ..}
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3) Hamiltonian
HCF = 10Dq ⇤OpptenDq
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Crystal field Crystal field Hamiltonians in QuantyII

Tutorials today



HCF =
2X̀

k=0,
k even

kX

m=�k

Ak,mCk,m(✓,�)
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Vary from an author to the other

(Haverkort/Quanty)

HCF(r) =
1X

k=0

kX

m=�k

r
k
Ak,m Ck,m(✓,�) =

1X

k=0

kX

m=�k

Bk,m Ck,m(✓,�)
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Parameters used mostly by chemist
Symmetry-dependent
(Balhausen, König, Kremer,..)

10Dq for Oh

10Dq, Ds, Dt for D4h

10Dq, Ds, Dt for D3d or C3v
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Parameters used in Quanty : Akm
Orbital energies + off-diagonal elements
Symmetry-dependent

Eeg, Et2g for Oh
Ea1g, Eeg, Eb1g, Eb2g for D4h

≈Ea1g, Eeg, Eeg for D3d (!!! Not general case !!!)

Crystal field Crystal fied parameters : NotationsII
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Oh 1 parameter (10Dq or A4,0) 2 energies 

D4h 3 parameters 4 energies

D3d 3-4 parameters 3 energies

C2v 9 parameters 5 energies (5 orbtials)

Crystal field Lower symmetriesII

<latexit sha1_base64="JX41NSGYL2XexxNLp7V6Qgb7BK0=">AAACAXicbZDLSgMxFIYz1Wodb6OCG10Ei+BCy0zxBm4KIrisYC/QDkMmzdTQTGZIMkoZZ+UD+A7uRBfi1rVv4Ma3Mb0stPWHwJf/nENOfj9mVCrb/jZyM7P5ufnCgrm4tLyyaq2t12WUCExqOGKRaPpIEkY5qSmqGGnGgqDQZ6Th984H9cYtEZJG/Fr1Y+KGqMtpQDFS2vKszQsvJV7azbL99plm5aVlffGsol2yh4LT4IyhWNk+uHMeP/NVz/pqdyKchIQrzJCULceOlZsioShmJDPbiSQxwj3UJS2NHIVEuulw/wzuaqcDg0jowxUcur8nUhRK2Q993RkidSMnawPzv1orUcGpm1IeJ4pwPHooSBhUERyEATtUEKxYXwPCgupdIb5BAmGlIzNNU8fgTH56GurlknNcOrrSeRyCkQpgC+yAPeCAE1ABl6AKagCDe/AEXsCr8WA8G2/G+6g1Z4xnNsAfGR8/chSYqw==</latexit>

Eeg , Et2g
<latexit sha1_base64="UK3GpNt90hCFTyf0Z3vWAQWz9j8="></latexit>

Ea1g , Eb1g , Eeg , Eb2g

<latexit sha1_base64="BWjSt5AC/RUHinp40nmWnSkmpbQ="></latexit>

Ea1g , Eeg , Eeg

(10Dq,Ds,Dt
or A2,0,A4,0,A4,4) 

(10Dq,Ds,Dt
or A2,0,A4,0,A4,3 ,A4,-3) 

!
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Crystal field Multi-electrons ions 3dnII



A lot of  physical-chemical properties are due to the crystal field

For example
- Color
- Magnetic properties
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Ni(H20)6

- Atomic number (Z)
- Number of electron (n) 3dn
- Crystal field strength (≈10Dq)

(ligand)

UV-visible Absorption spectroscopy

Crystal field Multi-electrons ions 3dnII



Hion = Hcin + He-n + He-e + Hs-o + HCF

Free ion (spherical)
Crystal field

  
Hcin = −

h2
2m

∇ri
2

i=1

N

∑ Total kinetic energy

He− n = −
Ze2

4πε0rii=1

N

∑ Coulomb attraction nuclei-electrons

He−e =
e2

4πε0riji< j=1

N

∑ Electron-electron Coulomb repulsions

Hs− o = ξi (ri
i=1

N

∑ )li .si Spin-orbit coupling
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Crystal field Hamiltion for N-electrons ions (3dn)II
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Ø Basis functions

Spherical symmetry:
|(L,S) J MJ>

Local symmetry around the ion ® point group G:
Basis functions of the representations of group G

|(L,S) J G g >
G irreducible representation of G
Gg basis function of G

Ø Thole’s code (F.M.F de Groot : TTMULT, CTM4XAS) 
uses group theory and the {G} basis 

Ø Quanty
• uses group theory only for crystal field potential building

• uses spherical {Yl,m} basis and not the {G} basis. 

• although Quanty is a many body code, the basis set is defined by one particle 

• uses {G} to label the states (spectroscopic terms)

Crystal field N-electrons ions : basis functionsII
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d2 ion in Oh symmetry

eg

t2g

Orbital degeneracy

Spin degeneracy

3

1 (S=0)

3x2=6

1 (S=0)

3x2=6

3 (S=1)

6

1 (S=0)

Crystal field N-electrons ions 3dn
Configuration and symmetry

II



letter for L
G=S pour L=0
G=P pour L=1
G=D pour L=2
G=F pour L=3

Spin
multipiicity

2S+1 GJ
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N-electrons atom/ion : the free ion case
Spin-orbit coupling : spectroscopic termsI

<latexit sha1_base64="BXhNARyH/osJUdVi/Pkp7wWYHos="></latexit>

|(LS)JMJ >

Hion = Hkin + He-n + He-e + Hs-o + HCF

Crystal field N-electrons ions 3dn
Spectroscopic terms

II

Spectroscopic terms

Irreducible representation
of the point group 
(local symmetry)

Spin
multipiicity

2S+1 G

<latexit sha1_base64="LpzVWVkL2MajiYIXo80wdR//SKw="></latexit>

|(LS)J �� >

Free ion (spherical) Crystal field
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N-electrons atom/ion : the free ion case
Spin-orbit coupling : spectroscopic termsI

Hion = Hkin + He-n + He-e + Hs-o + HCF

Crystal field N-electrons ions 3dn
Spectroscopic terms

II

Spectroscopic terms

<latexit sha1_base64="LpzVWVkL2MajiYIXo80wdR//SKw="></latexit>

|(LS)J �� >

Crystal field + Spin-orbit

Irreducible representation
of the point group 
(local symmetry)

Spin
multipiicity

2S+1 G

<latexit sha1_base64="LpzVWVkL2MajiYIXo80wdR//SKw="></latexit>

|(LS)J �� >

Crystal field

<latexit sha1_base64="zdsS3GVGB6BNMOjTsnP5kjmPYDs="></latexit>

� = �(S)⌦ �(L)
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HCF 2 A1(g)
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(fully symmetric representation of group G)
* g only for centro-symmetric group

Crystal field mixes J states if �i ⌦ �j 3 A1(g)
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(group multiplication table)

Crystal field N-electrons ions 3dn
Matrix elements / group theory

II
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HCF 2 A1(g)
⇤
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(fully symmetric representation of group G)
* g only for centro-symmetric group

Crystal field mixes J states if �i ⌦ �j 3 A1(g)
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if �i ⌦A1(g) ⌦ �j = �i ⌦ �j 3 A1(g)

(group multiplication table)

Crystal field N-electrons ions 3dn
Matrix elements / group theory

II
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Ex: d1 (d9) ion in Oh symmetry

L=2
S=1/2
J=3/2,5/2

eg

t2g

eg

t2g

O3 Oh

2Eg
2T2g

Orbitals

= ↵|J =
3

2
, U 0i+ �|J =

5

2
, U 0i
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O3

2D 2T2g

2Eg

U’
(4)

U’
(4)

E’’
(2)2D5/2

2D3/2

O3
+spin-orbit

Oh
No spin-orbit

Oh
+ spin-orbit

= ↵0|J =
3

2
, U 0i+ �0|J =

5

2
, U 0i
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J states mixed by CF and SO

States (spectroscopic terms) d9
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3d2

1S

1G
3P

1D

3F

Free ion
O3 Oh

3A2g

3T2g

3T1g
<latexit sha1_base64="B5d4PexJyjg75qgzxLwEglPJr+0="></latexit>

Ø Crystal field splitting of the         ground state 
From the group branching table 

3F

eg

t2g

eg

t2g

eg

t2g

Oh
strong field

From the multi-electronic state, one can get the electron density on the orbitals of 
the group (it is not necessary integer)

(spin-orbit omitted for simplicity)
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Simplified
orbital scheme

!

F
+(L = 3) 2 3+(O3) ! A1g + T2g + T1g(Oh)

<latexit sha1_base64="CyW1DcbT/UivD7p5n3VHOdLlDDI="></latexit>

45 states

Crystal field Energy levels for 3d2 ion (Oh)II

3d2
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Ø Plot of the energy of spectroscopic terms
as function of crystal field parameter (10Dq,Ds,…) (and B Racah parameter (*))

Ø Tanabe-Sugano diagram (1954) König&Kremer (1970) 
Oh(Td) , no spin-orbit Low symmetries+spin-orbit
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(2S+1� or 2S+1�J)
<latexit sha1_base64="FD+xh8VW+PwnmCNOlcmme0fi7AE="></latexit><latexit sha1_base64="FD+xh8VW+PwnmCNOlcmme0fi7AE="></latexit><latexit sha1_base64="FD+xh8VW+PwnmCNOlcmme0fi7AE="></latexit><latexit sha1_base64="FD+xh8VW+PwnmCNOlcmme0fi7AE="></latexit>

(*)B Racah parameters related to the slater integrals (electronic repulsions) 

70 Désordre magnétique dans des nanoparticules de maghémite

souvent exprimée en terme de paramètres de Racah ([122], p. 249) :

A = F0(3d,3d) − 49
441F4(3d,3d)

B = 1
49F2(3d,3d) − 5

441F4(3d,3d)

C = 35
441F4(3d,3d)

Les paramètres de Racah sont donc également réduits du facteur κ. Pour faire le lien avec la

spectroscopie optique, κ peut également être défini par κ = B/B0, où B0 est le paramètre de

Racah « atomique » de l’ion. La spectroscopie optique s’intéresse aux transitions d-d. Dans le

cas de la configuration fondamentale 3d5 de l’ion Fe3+ haut spin, les énergies des premiers états

pour un champ cristallin octaédrique, lorsqu’on ne prend pas en compte le couplage spin-orbite,

dépendent de 10Dq et des paramètres de Racah selon les expressions du tableau suivant ([123],

p. 126). La première colonne indique le terme spectroscopique de l’ion en symétrie sphérique

dont est issu l’état considéré, la deuxième colonne indique la symétrie de l’état dans le groupe

Oh, la troisième colonne indique la configuration « champ fort » dont l’état est issu dans un

modèle monoélectronique et la quatrième colonne donne l’énergie de l’état. L’énergie des états

est croissante de haut en bas ([124], p. 221).

SO3 Oh configuration énergie (eV)
6S 6A1g (t2g)3(eg)2 0
4G 4T1g (t2g)4(eg)1 −10Dq + 10B + 6C − 26B2/10Dq
4G 4T2g (t2g)4(eg)1 −10Dq + 18B + 6C − 38B2/10Dq
4G 4Eg,4A1g (t2g)3(eg)2 10B + 5C

L’énergie des états a une expression identique pour un ion Fe3+ en symétrie tétraédrique. Les

énergies des états impliqués dans les transitions électroniques d-d dépendent à la fois de 10Dq et

de B. En présence de couplage spin-orbite sur la couche 3d, l’état fondamental de l’ion Fe3+ est

de symétrie U′
g(Oh). Il n’y a pas d’expression simple de l’énergie des états de la configuration

excitée 2p53d6 de l’ion Fe3+ aux seuils L2,3. Il y a en effet six intégrales de Slater à prendre

en compte au lieu de deux dans la configuration fondamentale. Il faut également prendre en

compte le couplage spin-orbite sur la couche 2p, qui est de l’ordre de grandeur des intégrales

coulombiennes.

Les valeurs des paramètres de Racah et de champ cristallin déduits de la spectroscopie

optique et de la spectroscopie d’absorption X ne sont pas identiques. En effet, la configuration

excitée aux seuils L2,3 présente un trou sur une orbitale de coeur, trou qui est absent dans le

cas des transitions d-d. Les calculs multiplets permettent d’évaluer les paramètres Bt et 10Dqt

pour la configuration excitée en présence d’un trou 2p. Ces paramètres diffèrent des paramètres

Bopt et 10Dqopt déduits des transitions de spectroscopie optique. Dans nos calculs, le paramètre

de Racah atomique Bt
0 en présence d’un trou 2p vaut :

Bt
0 = (1/49)F2(3d,3d) − (5/441)F4(3d,3d) = 160 meV

Bt, Bt
0 et κ sont reliés par Bt = κBt

0.

d) Ajustement de κ et 10Dq

L’écart énergétique entre les niveaux de la configuration excitée dépend des paramètres de

Racah. La réduction de ces paramètres par le facteur κ revient à reserrer les niveaux d’énergie de

la configuration excitée 2p53d6. La dispersion en énergie des transitions multiplets aux seuils L3

et L2 est alors plus faible. Les signaux isotropes et dichroı̈ques calculés en théorie des multiplets

pour un paramètre 10Dqt(Fe3+
B ) = 1,5 eV et des valeurs de κ variant de 50% à 70% sont reportés

Ø

d2

3T1g
3F

3A2g

3T2g

D/B

E/B

Crystal field Energy level diagram / Tanabe-SuganoII



Ø Tanabe-Sugano diagram (1954) König&Kremer (≈1970) 
Oh(Td) , no spin-orbit Low symmetries+spin-orbit
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Ø

Quanty Tutorial :
02_Energy_Level_Diagram_Tanabe-Sugano.Quanty 
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Crystal field Energy level diagram / Tanabe-SuganoII

Ø 2024 : special conference

(https://sites.google.com/view/70years-of-tanabe-sugano/home)



Crystal field : one electron / multi-electron
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One electron/orbitals

• Orbitals : 

Small letter
ex: 

�i 2 G
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eg, t2g

a1g, e2
<latexit sha1_base64="eXkNd/vXZeTLlv2PoxYhwGRPkmg="></latexit>

Multi-electron ions

• Spectroscopic terms :

Term written with CAPITAL LETTER 
in Mulliken notation. 

or Koster notation : 

• Electron density / orbital 
occupation

• L,S,J,ML,MS,MJ not « good » 
quantum numbers. 

Expectation values:

�i 2 G
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e5.8g t1.22g
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h�i|Ô|�ii
with Ô = Lz, Sz, ...
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A1g, T2, ...



Example of crystal field effect

Spin crossover
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FeII(phen)2(NCS)2

 
 
 
 
 
 

 

 
Figure 7.  Thermal spin crossover in 3d6 transition metal complexes. 

 
Indeed, at room temperature, one signal with a large quadrupole doublet, typical of HS Fe(II) ions is 
observed (figure 8c) [15].  Upon cooling, the spin sate converts to the LS one as observed at 77 K.  We 
also learn that the lifetime of the spin states is longer than 10-7s, the characteristic time window in 57Fe 
Mössbauer spectroscopy, because well resolved resonance signals are observed [15, 16].  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8.  (a) Mössbauer spectra of [Fe(phen)3]X2 recorded over the temperature range 300-5 K. (b): 
View of the crystal structures of: (top) : [Fe(phen)3]2+ and (bottom): [Fe(phen)2(NCS)2]. (c) Mössbauer 
spectra of [Fe(phen)2(NCS)2] recorded over the temperature range 300-77 K [16]. 
 
Another typical example concerns [Fe(ptz)6](BF4)2 (ptz = 1-propyl-1H-tetrazole) where 6 N-donor 
ligand molecules surround the iron(II) ion.  The compound remains in the HS state at room tempera-

6

T = 300 K
High spin S = 2

T = 77 K 
Low spin S = 0

Fe2+ d6

Fe-N distance 

CF strength 

Color change

Color change
thermochromism

Ex of application: thermochromic painting 

Crystal field Example : spin crossoverII
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Magnetism:  

§ switch between “0”(LS) and “1”(HS)
§ driven by external stimuli (temperature, light, …)
§ couple to surface (insulating or conducting)

for molecular spintronic

Crystal field Example : spin crossoverII



5T2
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1A1
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Fe2+ ion (3d6) in Oh symmetry
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eg

t2g

eg

t2g

5T2
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1A1
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S=2
High spin

S=0
Low spin

Ø Magnetic properties goes from paramagnetic to non-magnetic

Temperature  

Fe-N distance
(observed by DRX) 

CF strength
(10Dq) 

10Dq

Crystal field Example : spin crossoverII
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1024 J. Am. Chem. SOC., Vol. 117, No. 3, 1995 

8 -  
8 Q 
5 : -  n 
4 

Briois et al. 

J k e n t  

Calculation 

A 

, ,/.,I, , 

Table 3. Dominant Components (> 1%) of Each Basis That 
Transforms as the T2g and AI, Irreps of the oh Point Group I A  

700 705 710 j15 720 725 730 
Energy (eVj 

Figure 4. Comparison between experimental and calculated (3d6 to 
2p53d7 multiplet) L2.3 edge spectra for the high-spin Fe(phen)z(NCS)z 
isomer. Calculation is made considering Oh symmetry with a lODq 
cubic crystal field parameter equal to 0.5 eV. 

I n 

Figure 5. Comparison between experimental and calculated (3d6 to 
2p53d7 multiplet) L2.3 edge spectra for the low-spin Fe(phen)z(NCS);? 
isomer. Calculation is made considering oh symmetry with a lODq 
cubic crystal field parameter equal to 2.2 eV. 

above. These broadening calculations are done by trial and 
error, not by an automatic fitting procedure; one u and r fwhm 
parameters set that seems to fit the best has been obtained within 
the limit of expected core hole and experimental broadenings, 
which are u = 0.125 eV, rl = 0.1 eV, and r2 = 0.3 eV. This 
broadening description, as Voigt profiles (Lorentzian-convolved 
by Gaussian profiles) for the L3 and L2 edges, is very rough 
because it assumes that effects on the spectral shapes such as 
lifetime, hybridization, and vibration are the same for all final 
multiplet lines. Since previous work32 showed some disagree- 
ment with this approach for do compounds, we can expect 
similar results for 3d6 compounds. 

Nevertheless, despite the difficulty in the determination of 
the broadening parameters, the agreement between calculated 
and experimental spectra can be considered satisfactory because 
it reproduces the main experimental changes observed during 
the spin transition. Below the spin transition temperature, 
sharper structures at the L3 edge appear and the L2 white line 
increases strongly in intensity. 

All features observed for the high-spin form are well- 
reproduced (Figure 4). Therefore, although the iron site 
symmetry for the high-spin isomer is far from an octahedron, 
the o h  crystal field approach gives a good description of all 
spectral details presented in Figure 4. The agreement for the 
low-spin one (Figure 5) is not so good. Indeed, the very small 
peaks (A) at the low-energy side of the L3 edge and (C) at the 
high-energy side of the L2 edge are not reproduced in the 
calculated spectrum. Furthermore, the intensity of the calculated 
peak (B) at the high-energy side of the L3 edge is too low and 
not very well located in energy. The small disagreement 
between the experimental spectra of the Fen(phen)2(NCS)2 
complex and the octahedral symmetry simulation can be 
ascribed to a distorsion of the iron site andor to hybridization 

irrep Tz, irrep AI, 
at lODa = 0.5 eV at IODa = 2.2 eV 

5DJ=2 2.6% 'SJ=O 3.7% 
5D~=3 16.2% 'SJ=O 5.8% 
'DJ=~ 81.2% ' G J ~  31.2% 

'G,4 21.8% 
'4=6 36.2% 

between the metal 3d orbitals and the (NCS)  ligand^$^,^ which 
was not taken into account in our calculations. 

Beyond the agreement between experiments and calculations 
and the determination of the lODq parameter, the multiplet 
approach offers new insight into the knowledge of the ground 
state of the materials. We can understand, for each spin state, 
the values of (S) and (15)~~ and the ground state energy. 

Interesting average values such as (S) and (L)47 can be 
calculated. The (S) values obtained for lODq = 0.5 eV and 
lODq = 2.2 eV are 1.999 and 0.0266, respectively, meaning 
that the spin states in each spin form of the Fen(phen)2(NCS)2 
complex are very pure, minor differences with pure singlet or 
quintet spin states being due to the introduction of spin-orbit 
interaction, which makes (5') a bad quantum number. Below 
the lODq spin conversion value, the angular momentum (L)  is 
constant and equal to 2. Above the lODq spin conversion value, 
(L) decreases slowly from 4.6. 

We have access to a precise determination of the ground state. 
It can be decomposed on the basis of the LS vectors associated, 
in the considered point group, with the 3d6 ~onfiguration.~~ 
During the spin conversion, the oh irreducible representation 
(irrep) of the ground state changes. For the high-spin state, it 
is the Tzg i r r e ~ ; ~ ~  for the low-spin form, it is the AI, i r r e ~ . ~ ~  In 
the case of the high-spin form, the ground state corresponding 
to the 3d6 configuration in octahedral symmetry is obtained by 
mixing 27 basis vectors. But for the low-spin form, the ground 
state is a mixture of only 14 basis vectors (there are a number 
of ways to branch the LSJ terms of 3d6 to Tzg and AI,, 
respectively). Although the nature of this ground state can be 
properly specified only by giving the complete basis function 
expansion, some components are clearly dominant in these 
mixtures. We have reported in Table 3 the weight of the 
dominant components in each mixture. 

For a small lODq, the dominant eigenvector is 5D~=4 with 
(S) = 2 spin as expected from Hund's rules. For the low-spin 
state, the dominant eigenvectors are ~('SJ=O), 2(1GJ=4), and IIJ,~ 

(45) Jo, T.; Sawatzky, G. A. Phys. Rev. B 1991,43, 8771. 
(46) van der Laan, G.; Thole, B. T. J .  Phys.: Condens. Matter 1992, 4,  

(47) (S) is such that (S)((S) + 1)h2 = (Ground I Sx2 + Sy2 + S:l Ground) 
4181. 

where 

is the spin momentum operator. (L) is such that (L)((L) + l)hz = (Ground 
lLx2 + h2 + L21 Ground) where 

E=($) 

is the orbital momentum operator, (L) should not be confused with (LJ = 
(Ground ILL/ Ground). 

(48) For high-spin configuration after crystal field splitting, the ground 
state is 'Tzg (15-fold) that splits into Tzg (3-fold) under spin-orbit coupling. 
It is to this Tz, that we refer, and similar definition for low-spin AI,. These 
Tz, and AI, ground states are constructed from several ILliJM) states because 
of spin-orbit interaction. 
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Figure 4. Comparison between experimental and calculated (3d6 to 
2p53d7 multiplet) L2.3 edge spectra for the high-spin Fe(phen)z(NCS)z 
isomer. Calculation is made considering Oh symmetry with a lODq 
cubic crystal field parameter equal to 0.5 eV. 

I n 

Figure 5. Comparison between experimental and calculated (3d6 to 
2p53d7 multiplet) L2.3 edge spectra for the low-spin Fe(phen)z(NCS);? 
isomer. Calculation is made considering oh symmetry with a lODq 
cubic crystal field parameter equal to 2.2 eV. 

above. These broadening calculations are done by trial and 
error, not by an automatic fitting procedure; one u and r fwhm 
parameters set that seems to fit the best has been obtained within 
the limit of expected core hole and experimental broadenings, 
which are u = 0.125 eV, rl = 0.1 eV, and r2 = 0.3 eV. This 
broadening description, as Voigt profiles (Lorentzian-convolved 
by Gaussian profiles) for the L3 and L2 edges, is very rough 
because it assumes that effects on the spectral shapes such as 
lifetime, hybridization, and vibration are the same for all final 
multiplet lines. Since previous work32 showed some disagree- 
ment with this approach for do compounds, we can expect 
similar results for 3d6 compounds. 

Nevertheless, despite the difficulty in the determination of 
the broadening parameters, the agreement between calculated 
and experimental spectra can be considered satisfactory because 
it reproduces the main experimental changes observed during 
the spin transition. Below the spin transition temperature, 
sharper structures at the L3 edge appear and the L2 white line 
increases strongly in intensity. 

All features observed for the high-spin form are well- 
reproduced (Figure 4). Therefore, although the iron site 
symmetry for the high-spin isomer is far from an octahedron, 
the o h  crystal field approach gives a good description of all 
spectral details presented in Figure 4. The agreement for the 
low-spin one (Figure 5) is not so good. Indeed, the very small 
peaks (A) at the low-energy side of the L3 edge and (C) at the 
high-energy side of the L2 edge are not reproduced in the 
calculated spectrum. Furthermore, the intensity of the calculated 
peak (B) at the high-energy side of the L3 edge is too low and 
not very well located in energy. The small disagreement 
between the experimental spectra of the Fen(phen)2(NCS)2 
complex and the octahedral symmetry simulation can be 
ascribed to a distorsion of the iron site andor to hybridization 
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approach offers new insight into the knowledge of the ground 
state of the materials. We can understand, for each spin state, 
the values of (S) and (15)~~ and the ground state energy. 

Interesting average values such as (S) and (L)47 can be 
calculated. The (S) values obtained for lODq = 0.5 eV and 
lODq = 2.2 eV are 1.999 and 0.0266, respectively, meaning 
that the spin states in each spin form of the Fen(phen)2(NCS)2 
complex are very pure, minor differences with pure singlet or 
quintet spin states being due to the introduction of spin-orbit 
interaction, which makes (5') a bad quantum number. Below 
the lODq spin conversion value, the angular momentum (L)  is 
constant and equal to 2. Above the lODq spin conversion value, 
(L) decreases slowly from 4.6. 

We have access to a precise determination of the ground state. 
It can be decomposed on the basis of the LS vectors associated, 
in the considered point group, with the 3d6 ~onfiguration.~~ 
During the spin conversion, the oh irreducible representation 
(irrep) of the ground state changes. For the high-spin state, it 
is the Tzg i r r e ~ ; ~ ~  for the low-spin form, it is the AI, i r r e ~ . ~ ~  In 
the case of the high-spin form, the ground state corresponding 
to the 3d6 configuration in octahedral symmetry is obtained by 
mixing 27 basis vectors. But for the low-spin form, the ground 
state is a mixture of only 14 basis vectors (there are a number 
of ways to branch the LSJ terms of 3d6 to Tzg and AI,, 
respectively). Although the nature of this ground state can be 
properly specified only by giving the complete basis function 
expansion, some components are clearly dominant in these 
mixtures. We have reported in Table 3 the weight of the 
dominant components in each mixture. 

For a small lODq, the dominant eigenvector is 5D~=4 with 
(S) = 2 spin as expected from Hund's rules. For the low-spin 
state, the dominant eigenvectors are ~('SJ=O), 2(1GJ=4), and IIJ,~ 
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(47) (S) is such that (S)((S) + 1)h2 = (Ground I Sx2 + Sy2 + S:l Ground) 
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where 

is the spin momentum operator. (L) is such that (L)((L) + l)hz = (Ground 
lLx2 + h2 + L21 Ground) where 

E=($) 

is the orbital momentum operator, (L) should not be confused with (LJ = 
(Ground ILL/ Ground). 

(48) For high-spin configuration after crystal field splitting, the ground 
state is 'Tzg (15-fold) that splits into Tzg (3-fold) under spin-orbit coupling. 
It is to this Tz, that we refer, and similar definition for low-spin AI,. These 
Tz, and AI, ground states are constructed from several ILliJM) states because 
of spin-orbit interaction. 
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From Briois V., J. Am. Chem. Soc., 117 (1995)

XAS at Fe L2,3 edges (2p->3d)

eg

t2g

5T2
<latexit sha1_base64="VBpAXrE83oHZstr+UVQ7EOINrJQ="></latexit><latexit sha1_base64="VBpAXrE83oHZstr+UVQ7EOINrJQ="></latexit><latexit sha1_base64="VBpAXrE83oHZstr+UVQ7EOINrJQ="></latexit><latexit sha1_base64="VBpAXrE83oHZstr+UVQ7EOINrJQ="></latexit>

S=2
High spin

10Dq=1eV
eg

t2g

1A1
<latexit sha1_base64="7q8l2fwUAZtaAVlIa3tLBn1HjHI="></latexit><latexit sha1_base64="7q8l2fwUAZtaAVlIa3tLBn1HjHI="></latexit><latexit sha1_base64="7q8l2fwUAZtaAVlIa3tLBn1HjHI="></latexit><latexit sha1_base64="7q8l2fwUAZtaAVlIa3tLBn1HjHI="></latexit>

S=0
Low spin

10Dq=2.2eV

CFM calculation
Fe2+ (3d6)

Oh symmetry

Crystal field Example : spin crossoverII
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Crystal field and magnetimIII

𝐵
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Hamiltonian

d1 S=1/2 mS=+1/2

mS=-1/2

1 electron (S=1/2)
spherical

Crystal field and magnetimIII

Hion = Hcin + He-n + He-e + Hs-o + HCF +HZeeman +HExchange
Free ion (spherical) Crystal field External 

Magnetic field
Magnetic coupling
With neighbours
(ferro/antiferro-magnetism)

Ø

Ø

<latexit sha1_base64="QeL0mDVVXjY7awZtYUiNPn2vcsA="></latexit>

HZeeman = ��!
m.

�!
H = µB(L̂+ g0Ŝ).

�!
H

= µB(Lx + g0Sx)Hx + µB(Ly + g0Sy)Hy + µB(Lz + g0Sz)Hz

<latexit sha1_base64="3G6s9jvKr3s52udWmOu60ZyThBs="></latexit>

HExchange ⇡ Ŝ.B̂exch
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Ø Magnetic moments : Definitions

Ø Crystal field effect

(Hcin+He-n+He-e commute with                           )L̂2, L̂z, Ŝ
2, Ŝz

<latexit sha1_base64="vP9u8gZWFJadCVX+Js68FfAqLMM="></latexit><latexit sha1_base64="vP9u8gZWFJadCVX+Js68FfAqLMM="></latexit><latexit sha1_base64="vP9u8gZWFJadCVX+Js68FfAqLMM="></latexit><latexit sha1_base64="vP9u8gZWFJadCVX+Js68FfAqLMM="></latexit>

Hcin+He-n+He-e+Hs-o commute with bJ2, bJz, bL2, bS2
<latexit sha1_base64="VeJHSQfB6eFpPPsA3aIVlExFbUw="></latexit><latexit sha1_base64="PGU2GypC2m2Ui82YuGhM0CgYGEE="></latexit><latexit sha1_base64="PGU2GypC2m2Ui82YuGhM0CgYGEE="></latexit><latexit sha1_base64="OAGT/5k7wRAdEHDbHNx3mcwcfOE="></latexit>

Crystal field and magnetim
Magnetic moments

III

<latexit sha1_base64="z0MQikt4ZPoddOo9Gy6h8O222uY="></latexit>

(in ~ unit, g0 ⇡ 2)

<latexit sha1_base64="WwTsrLXg9ZrdJfCqhKDQ662ksEs="></latexit>

|i >= |(L, S)J��i are not eigenfunctions of L̂z or Ŝz
<latexit sha1_base64="Nd/44KzRlwIaCnYS6ql9udjydmI="></latexit>

hi|L̂z|ii 6= mL
<latexit sha1_base64="RhhHEKcY+dapEhRI4sPs2bcb6aA="></latexit>

hi|Ŝz|ii 6= mS

<latexit sha1_base64="Mq1c3gbo5RBZ0BmJhqpv6vE+Fy8="></latexit>

Morbit = �hi|L̂z|iiµB
<latexit sha1_base64="L6VU/diCbg1JEIS37tD5lyx8zys="></latexit>

M = Morbit +Mspin
<latexit sha1_base64="D/XIMHSNFRREkn5hX4kKoVOMoLc="></latexit>

Mspin = �gohi|Ŝz|iiµB

!

! 𝑧 is the direction of the external magnetic field



Ø Quanty:  calculates any operator (     ) and its expectation valuesÔ
<latexit sha1_base64="lYIGaz2LrP+nAa9il81i3Wmqjq4="></latexit><latexit sha1_base64="8a8W5d3ssEvcwIaT2clWYf6W+eE="></latexit><latexit sha1_base64="8a8W5d3ssEvcwIaT2clWYf6W+eE="></latexit><latexit sha1_base64="JJzn6GdLJ65dGwuCJXonYSMJ03g="></latexit>

hi|Ô|ii
<latexit sha1_base64="XEcYSTPsIgY1kqnP/gwboXWdngY="></latexit><latexit sha1_base64="5zSSjPxYMytErCVXKhoaeFBpnok="></latexit><latexit sha1_base64="5zSSjPxYMytErCVXKhoaeFBpnok="></latexit><latexit sha1_base64="CRToWzUN246qNAWMP42vdLtrP5o="></latexit>
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Ex : spin operator

Tutorial 07_Expectationvalues.Quanty 
(Monday morning)

Magnetic moments with QuantyIII
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Crystal field and magnetism         Paramagnetic d2 ionIII

3d2

1S

1G
3P

1D

3F

Free ion
O3 Oh

𝐵

<latexit sha1_base64="ee7rnolWh7J7s8LgHV+sfAbA0GM="></latexit>

3A2g

3T2g
<latexit sha1_base64="gU83Mo9DsphuI7tiLxkBT5qShR0="></latexit>

3T1g

𝐵(𝑡𝑒𝑠𝑙𝑎)
-1

-1

-1

0

0

0

1

1

1

<latexit sha1_base64="PEDYLeX16CozsBjj8kKcaNhUYcM="></latexit>

hj|Sz|ji
<latexit sha1_base64="UlAknVG014dQZIfwMSasIiZfQ1s="></latexit>

hj|Lz|ji

-1.45

0

1.44

0

1.44

-1.45

-1.45

1.44

0
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Crystal field and magnetism         Paramagnetic d2 ionIII

𝐵

<latexit sha1_base64="gU83Mo9DsphuI7tiLxkBT5qShR0="></latexit>

3T1g

𝐵(𝑡𝑒𝑠𝑙𝑎)

Magnetization at temperature T
Boltzmann distribution

<latexit sha1_base64="2AaWqXN0nT85Hj65+LqDjURI7j8="></latexit>

hSzi(T) =
PNb states

j=1 hj|Sz|ji exp (Ej�E0

kBT )
PNb states

j=1 exp (Ej�E0

kBT )

Ej (eV)
Ø The jth state contribution is

<latexit sha1_base64="2s6Dfn83GV8IJThQyzmzbtv35DA="></latexit>

exp (Ej�E0

kBT )
PNb states

j=1 exp (Ej�E0

kBT )

Ø <Sz> value at T is 

Ø Same expression for <Lz> value at T 
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Crystal field and magnetism         Paramagnetic d2 ionIII

𝐵
Magnetization at temperature T

Boltzmann distribution

M
=M

or
bi

t+
M

sp
in

(𝜇
#
)

T (K)

Magnetization = f(T)

More in next tutorials
Temperature_and_Bolzmann_statistics.Quanty
Paramagnetic_Susceptibility_NiO.Quanty
Magneticsusceptibility_NiO.Quanty

<latexit sha1_base64="gU83Mo9DsphuI7tiLxkBT5qShR0="></latexit>

3T1g

𝐵(𝑡𝑒𝑠𝑙𝑎)

d2 Oh



Morbit

Mspin

<latexit sha1_base64="1mngpLXm1+bgTNqHg3vmF4bZdeU="></latexit>

B?C4

<latexit sha1_base64="7aRtRG5e0z0NQXuLmeXC8+YTApE="></latexit>

B k C4

<latexit sha1_base64="1mngpLXm1+bgTNqHg3vmF4bZdeU="></latexit>

B?C4
<latexit sha1_base64="1mngpLXm1+bgTNqHg3vmF4bZdeU="></latexit>

B?C4

Oh
Tetragonal distortion : D4h

Compression
Easy magnetization plane Elongation

Easy magnetization axis

<latexit sha1_base64="7aRtRG5e0z0NQXuLmeXC8+YTApE="></latexit>

B k C4
<latexit sha1_base64="7aRtRG5e0z0NQXuLmeXC8+YTApE="></latexit>

B k C4

Crystal field and magnetism         Paramagnetism
Natural Anisotropies

III

Isotropic
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Heisenberg Hamiltonian

Simplified Hamiltonian for atomic calculation

<latexit sha1_base64="1xcyLKfCLB9tonqoJetbrlKbshI="></latexit>

HExchange = �
X

i<j

JijŜiŜj

Average field resulting from the exchange
with neighbor spins

Spin operator 
of the ion

<latexit sha1_base64="2e+a9uEy2D5X5TVB3D9Qxq/gtZs="></latexit>

HExchange ⇡ Ŝ.B̂exch

Crystal field and magnetism
Spin-spin exchange interaction

III



Conclusion / remarks

Heidelberg 2024 94


